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Since Greg Bird, a former student of mine, {s pursuing
jnterests other than mathematics, the Sydney Category
Theory Seminar has had 100 copies made of his thesis. f[he
first chapter of the thesis, to which Ross Street and

Max Kelly contributed, and which was improved by later
suggestions from John Power, will appear in two articles
by Bird, Kelly, Power and Street entitled "Flexible

limits for Z-categories™ and "Explicit formulas for the
strict reflexions of pseudo amd lax matural transformations®.
Some of the arguments in the thesis are simplified in the
1ight of hindsight.

The Seminar is sending copies of Bird's thesis to those
on our mailing 1ist; since that 1ist usually contains only
gneé name in each major centre, we ask the recipients to

make copies available to their colleagues.
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Professors Kelly and Streat: his work will appear scon as a jolnmt paper.
Otherwise, unless specifically stated in the text, results are original
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and have not, to the author's knowledge, appeared elsewhere.
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This thesis has its origins in responding to some unpublished

work of Ulmar [ 24

26], [27], [28]. There, Ulmer proves that certain

constructions on locally-presencable cartegories yield locally-pres

Let C be a small category and [ & set of cones in (.

category [C.A] iz the full subcategory of the functor category

r
[C,A] given by those funccers T such thac each Ty, where ¥

I'n 1s a limic-cone. Gabriel

ntabla

Ulmer [10] had plready established

that [C,Al: is reflectiwve im [C,A], and hence locally presencable,

if A is locally preseacable. The resule abour reflecriviey was

extended by Freyd and Kelly [9] to the case where A is a locally=-

-bounded cacegory and T 1is a (possibly) large sec. Some resulrs

the coreflectivity of subcategories determined by funccors taking

O

{imduccive) cones to colimit-cones existed, but were uapublished, before

che work of Ulmer. One major thrust of chis work was co escablish

corefleceivicy for che case of A ':-c:ing a locally=-presentable CALBEOLY.

What Ulmer calls

&
I
.

=i 8 results is a f-categorical

"prealgebras” and "bialgebras

and eJLEJLersg

ing structure i may be interpreced as the

"{insarction” of 2Z=-cel

o - : .
equifylng pairs of Z-cells.

inserteérs, and equiti¢rs. Chapter 1 1s glven over to chis

are butc special instances of tngerter

It now seesns that the appropriate setting for the formulation

15 in the 2=-category (AT, and the i=mpeaicien
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For a small Z-category A let [ax[A,.Caf] denote che 2-category
whose objects are the 2-functors F: A+ Cat, whose 1-cells are the
lax=natural transformations, and whose I-cells are modifications. Let
Pad[A,Cat] be the sub-2-category given by the pseudo-natural
transformations, Then the inelusioms J: [A.Caf] = Lax[A,Caf] and
K: [A,Cat] = PadlA,Cat] both have lefc adjoinca
¢ ' LaxfA.Cat] + [A,Cat] and ( )': PsdlA,Cat] + [A,Cat] (but, in
general, the inmclusion PadlA,Cat] + Lax[A,Cat] does not). We give
an explicit deseription of chese left adjoints using Z-categorical
versions of the Grothendieck construction el(F), the category of
e¢lements for a functor Fi B = Sef. Any indexed limic (M,G} whose
indexing type M: A + Cat 1is a retract of a functor of the form

F': A =+ Cat 1s saild to be an indezed [{mif of retrgot type.

The indexed limits of retract tyvpe do include products, inserters
and equifiers. Moreover, they include all indexed lax-limits and indexed
pgeudo=1imits, and they may be constructed from certain basic ones,
pamely inserters, equifiers, products, cotensor produces, and splittings
of idempotents. Thus, to show the existence of indexed limits of
retract type in a 2-category A it is sufficient to prove that A
admits these five basic types, and to prove that a sub=-Z-category B
of A is cloged under the formarion of indexed limits of retract type
it is sufficient to prove that B is closed under formation of these

basic ones.

In this context, Ulmer's early resulcs are subsumed In tche
statement that Loc and Ladf, the sub-2-categories of CAT determined,
respectively, by the locally-presentable cacegories, right adjoint

functors and natural cransforzmations and by the lecally-presentable
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categories, left adjoint functors amd natural cransformations, are closed
in CAT under the formation of Indexed limits of retract type. However,
Ehis statesent expresses substantially more than what is expressly proved

by Ulmer. The closedness of Los 4is the main resule of Chapter 2,
b I

while the main result of Chapter 3 is the closedness of [ady.

Hot only is the sub-2-cartegory L[oe closed im (AT  under the
formation of indexed limics of recracec type, but $o alsoc are cthe
sub-Z-categories a=Loc  giwven by the locally a-presentable categories
and the right adjoint funceers with rank o. The corresponding

sub-2-cacegories a-ladf of Ladf are not, however, closed under che

formation of indexed limits of recract type. If the regular eardinal

% 1s uncountable, then g-ladj is closed in CAT Ffor all indexed limics
of retracc cype where the Indexing type is of size o. Thus, for

instance, o-lady, for an uncountable a, admits products with fewer
than a components, and these products are formed as im CAT. For

1= %, we provide an intereating counterexample to show chat .‘-'i_:l-Lan"-'
CAT

is oot closed in under inserters.

In the process of establishing these conclusions we also prove

4 number &f results of independent interest. For a elass J of limics

iet J-Comp be the 2-category determined by all categorles admsitring
these limirs, all functors between them preserving these limics, and

all natural transformacions berweéen these functors. Then J=Comp is
cloged in CAT under indexed limits of recract type. Under mi
restrictions on the J-category A, the sub-2-category Radi(4) determined
by the right adieine l-cells, but with the same objects and 2-cells.

ddmits splitcing of idempotents if A  does.
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To obtain the coconcinpous analogue, in the caze of locally-
-presentable categories, for the resules of Freyd and Helly mentioned

earlier we employ & notion of

given in [8], is used in Chapter &, It is different from that used

by Ulmer [28] and is a more natural extension of the usual module-theoretic

equaticnal descritplon of purity. We prove that if a full subcategory
B of a locally a-presentable category A is closed under colimits and

pure subobjec

then B iy itself locally presentable, and hence

coreflective.

If A and B are locally-presencable categories them, by the
results in Chapter 3, [adf(A,B) is also locally presentable, In Fact,
s we show in Chapter 5, this defines the internal hom of a symmetric
monoidal closed structure, in the appropriate Z-categorical semse, on
the JI-category Lladj; che tensor product of A and B 1is the
category Cocont(A,B°P)°P the dual of the category of cocomtinuous
B°F

functors from A to

I conclude the thesis we show how che results of hapters 2 and 3
readily extend to locally-presentable emriched categories, provided that
the base-categoery V i3 locally presencable as g symmetric monoidal
category (see Eelly [18]). The 2-categories U-Loc consisting of
locally-presentable V-categories, right adjoine V-funcrors and
¥-natural transformations and its companion W-Llady, where now the
l-cells are left adjoinet V-functers, are closed in V-CAT upder the

formacion of indewxed limits of recract Lype

To prove the closure of V-Loe we prove that the category of

algebras for a monad with rank o on a locally a-presemcable




V=category

adSe=Caragd

Sp R

presentable

V=categories




Chapter 0. Some introductory remarks

As the citle indicartes, this chapter is concerned with scme

incroduccory comments about feradnology, notation and basic facets

throughout the chesis.

0.1 Zome remarks about categories and 2-categories

Queations of a sec-theoretic nature do mot play an important role

in chis chesis. By a "set” we shall uswally mean an element inm a

particular category Sef which 15 a =odel of set chesry. However,
particularly ia Chaprer &; weé often comsider "large secs" or "classes"

which are eleéemeénts in some larger model SET, and we then refer to the

e¢lements of Sef as "small secs".

Except when dealing with functor categories, all categories are

locally a=all. The objects of the 2-category CAT are locallyv=small

"

cacegories, so chat CAT[A,8] need noc be locally ssall.

By a small cactegory we mean a category which is equivalent co a
category with a small see of cbjecta. These are the objects of a

2=category Caf. Unless otherwise stated, the domaln category of a

functor of which we are considering the limit or colimit is small.

[N

Similarly, when we speak of a collection of objects in a category, for

instance the a-presentable objects in a locally a-presentable category,

a5 being a small set, we meéan that thelr f{sosorphiss clesses form a small

-]

1]
I
™
E

Aggociated with any I-categery A are the 2Z-categories A" and

= : : ; =« L
A+ They have the same objeccs as A but A (A B) = A(A BT  apd

A T(A,B) = A(B,A).




For 2-caregories there is a notlon weaker than that of adjunceion;

for pseudo-functors, chat is, homomorphisms of bicaregories between

d-categories, S: b~ A and T: A+ B, a viion 5§ T: A = B

15 glven by a pseudo-natural eguivalense B(5A,B) = A4, TB) (see Street
L24]). Hote the use of the symbol "=" for an equivalence, and i

for an isomworphism. Similarly, two 2-categories A and B may be
" ¥ ’

Bleguivalent, in which case we write A ~ B,

0.2 Fonadieity

Any adjunction F —G: A + B, with unict n: 1 + GF and counit
E: FG+ 1, pgives rise to a monad (T =GF, n, C e F) on B. If the
2 T . A
comparison functor K: A = B is an equivalence we say chat G is
mongdie. The following version of the Beck monadicity theorem appears
in Mac Lane [21], p.151. Recall that a colimit is absolute if it is

preserved by all functors.

7 o N ™ - o 5 4
TCTRIATD T g OFLl e paty E.gr X+ ¥ ¥l ,r_-,__| Slacvn It
G Feirs haua g abaosiut e P i
rly WE QWM o QUEOLUTE &0f rin A, G

] ol
;:‘.r"'-‘:'.'\,.'-'.r'i.:l:'-.'_l IrE M Ced Tl ooedgl

0.3 Locally-presentable categories

Threughout chis section a 4is a fixed regular cardinal. An

U=Cdregory is a category with fewer than a =orphisms, and hence with

fewer than & objeces, A category B is a-filtered if every funcror

T: A + B vwhose domain is an a=cacegory admits & cone a: T =+ AX




where X is an object of B. The colimic of a functer T: A + B whose
domain A 1s o-filtered is said to be o-filtered. A functor preservin
a-filrered colimits fs said to hawe mank a. n particular, if B
i

admits a-filtered colimits and if the representable functor

B(E,-): B +~ Saf has rank a, then B is said co be aa

& lopally a-presentable category B is a cocomplete category

with a strong generaror consisting of a-presentable objects.

A Fanl S
L0 Lull

subcategory of o-presentable objects is denoted by B ; it is, im fact,

small. If A is lecally GE-presentable for some regular card

then A is loeglly presemtable. Gabriel and Ulmer [10] and Kelly [18]

give a thorough account of locally-presentable categories. We shall
continually use basic properties of locally-presentable categories,
often without explicit comment. We list some of these basic properties
in the following portmanteau theorems. The proofs of chese statements
may be found in Gabriel and Ulmer [10] or, for the case of enriched

categories, in Kelly [18].

| | g =T Ti: - 1 . - T . v
Theorem 0.2. Let A be g leeally a-presentable cadegory.
o Aol
. mE, % - . - T S5
[]_;I ThRE adidgdry A L8 oM Lete.
L ¥
- r - = e 3 = g = 1
(2] Im A, a=Ltmt hat 18, ot Eg wAog FICEETF te g e ag g @
B g Lk . ¥ Cerkilr 4
@=L e AXiGS A= |L&LENGE SFET L ]
F o - " - I P -
(3) Let 0 be any strong gemerator consist £ a-presental
o o o )
= e a i i < y F T . e
abyes HoOA, l A g The cLogur I unger o=o !
i .




g . .
l\.‘:' o =h o J T eavegory A A ] qm LaT 2
FeTy : i
W ey ' 1 + ko v limT s gf @ vy r e i X
e L 3 i L " Fid gt b oy ¥ i - i - i S
G

. . = \ " "
Theorem 0.3, A and B be looally o7 ntable.,

1% r m_ - L ] L
(1} A fum [: A+B hag a p rdioint 4 r

. g ]
. ;
Lrigt 18, pregéerves emall colimics)

i L - - i o . i

- ; .. T:= J = F - T o T -} -
LW H ] ! A =] I g LT L ]

T LIS «TFe] rank B for some reg '

. ¥ ; ; :

(3} A and B agre L n=prggentable and £F
| . & - 1 .
3 =—T: A=+B, ¢ I has ramk o 1f ' 8 pres

A=present 2 L ':': jeats.

The objects of the 2-category a=Rank are the locally a-presenca

categories, its Il=cells the funceors wich rank a, and ics 2-cells che

- 1 - - i |
natural transformations between these functors. Restricting the l-ce
g the Jl-cel

B e . g : . .
to oF¢ wiich have a left adjoint - that is, ro rhose which are

]

and have rank @ = gives ti

@ J-categery o=Lae.

stead, we restrice

to che l=cells which are CaContinuwous and Preserva d-presentable

Pr b jee s
wa obes A=Llad{. From Theorem 0.3, we have a biequivalen
2 COOp p - . ; r
{a=Log) ~ @=Lady. The 2-categories kang, Loe and Ladf are the

unions, taken owver all reg

lar cardinals o, of the d=categorics

-, T | el =] ae LTI - I 1 3 i

G=Fank, o-lpge and @ Lady ectively., So the objects of Rapk,

| - - r -5 B 170 - I3 4 - -
Log and are che locally-presentable categories, l-¢gglls of

Rk are the functors having some rank, thae Loc are the
T'..j:'_!'.l\'.—.l.'\.iJ-\-:'l.I'.r. tuncCors, and those of II...':..:I ire the left-s

functors.




Ln

Lar E=0iL D@ Cthe L=CaCegory whose objects are the I=CAeEorLea ,

chat 1z, the small a-compléce categorie

d=gcontinuous functors and its § Are natural transformacions
betweéen them. For ¢ach locally a-presentable category A the category

is an object of a=Th. Given any s l a-complete category B,

decerained

the full subcategory oa-ConilB, Set]

1-gontinuows functors is loeally

Thearem 0.4, (Gabriel and Ulmer C10], Kelly [1381). Thare 18 o

t=Th = (a=Log)"*
1 rte {8 as desay 1 abap
Finally, we note a useful fact about monads on locally-prese
Thegrem 0.5. {Gabriel ] Lat g 2 monad om
the locally a-presen : ry A. If s .

Bl i




CHAPTER 1. Limits in 2-categories

Ia enriched category theory the classical morien of lizie, invelving

universal cones, proved Co

for developing results parallel to

those_ in ordinary categoecy theory, and accordingly indexed limirs were

introduced. In the case of i=categories, that is Caf-categories, chesa

limits accommodate 2Z-dimensional aspects: and they imelude such morions
as the lax-limitsz of Grav [12]. Howewer, many 2-categories, including

m2Et of those examined balow, do not admitc all of these serict indexed limite,
whileé in a genmeral bilcategory this notion of Ilimit does not even make sense.

The limir notions appropriate ts a blcategory are those which involve

représentation to within equivalence rather rhan iscmorphism, and to which

we refer gene ally by the name b tt. Thus the appropriste limirs

which take into account the 2-dimemsional aspects of a bicategory are the
indezed B{Iimita (Streat [241). For the Z-categories of primary interase
in this thesis the indexed bhilimirs can, in fact, be chosen to be {ndeeed

= i

s r =
T TR T e
e L U b

This chapter explores how various notions of limit relate to each

other and how, as ovrdinary lisits are formed from products and equalizers,

these various limits may be constructed from certain basic ones.

1.1 Cefinitions relevant to bicategories

For a background to bicategories we rafer the reader to Bémabou 1]

and Lor J-categories to Kelly and Streer [19]. If there iz a need co

distinguish between the two types of compoaition of

denoted by a.i and vertical composition by +¥&. For

convenlence we write as if bicategorics were 2=caregories




, i 1 ¢ e . "
the various I=cells relaflog CO AS80CLA L fdentitd
1 = I
- - - I R R . a
Recall that a = Iteg r B 15

bicategor

and a homomorphisa a

A loz-ngtural tramgformation 8: J = K between mo
has data given by 8.t JA =~ KA and I=-Cills

indexed by the objeccs A

subject Lo the co

Laj} The composite 2=cells

er
2 a1

/

]
-
.




are equal. (Hote the suppression of associativiey).

(B} The By, Kk, .8,) and @, . 3§, &re equal.
AT A A A A
L) For & d=cell a: f+g in A . Jadd,
f
f (Ka .8.) are agual.
= 4
£ i
[f the 2=-cel B ari 3 13 a pasude-natural transformation
A mo bt pt B = J K of

consists of

are equal.

- . - ;
ategories A and & cthere are 2-categories

Foar any

oty

=

BioatlA,B] and Hom{A,B]. The objeccs of Bicaf{A,B] are morphi

J: A= B, ftz l-cells are lax-natural transformationsz, and the 2-ed

areé modifics

LA B the obhjeces are zorphisas, the

formacions a the 2=cells are mod

l=gcells are peseudo=-matural cr:
The fact iz, however, thae lax-natural transformacions are relevant even

eween I-functors and

s, whem A and B are 2-categories, we

¥

Lax[A,B] and PadlA.B which are the fuwll sub=-Z-categories of Bioatl A

cts are I=-functors. Each of

and HomCA, Bl

im curn containg [A,B], the I=catepgory of 2-funceors, J-natural
aklons and fcatlonsg ., In addition, we hawve cause Eo COns
briefly (pfax[A,B] whose l=-cells are now oplax-natural transformations
(called "right natural transformacions” in Sereet D220
J amd K are 2-functors, we often ]




1.2 Limit notions

Although many of the definfitions we give below are relevant, with
"lw-'T;':l""‘i- "-'u'."""l' ileeratior Fmn Bicgrsanrdosa {5 4 EEL a4 3
¥ adaps sLlight alteratlion, to bicategoriles, it is sufficient for our PUIpoOSLs

te consider only 2-categories.

since JI=-categories are cate

(]
[+]
H
-
L]
%
"
=
i
-
7
=
=

v
=H
o
!
=
H
-
&y
%
©
)
o
]
L]

'
=

usual notion of indexed limit (see Kelly [17]). For a small JZ-catemory A

and 2-functers GC: A E and F: A = Cat the F-fndezed Iimit of G
ls the representing object (F,Gl} in the Z-natural fsemorphism

B(B,{F.c1} = [A Catl(F.B(B.G=)) {1.1)

similarly one camn introduce the itndered peseudo-limis | F.Gl and the
£ psd
. FR S PR e o) 1 3
Lrdesed Lar- L. G, namely as cthe representing ebjecets for the
FE: 4 .
5 T R IRy S
i-natural iscmorphisms

B(B,{F,c] } = PadrA, Caf]

ped

(B,G-)) (1.2)

e
]
L]

and

B(B,{F,G}, ) = LaxTA Catl(F,B(B,G-)) {1.3)

Law

respectively. If a Z-category B admits all small indexed limits we say

s T E 1, i - ™ 2 o
it 18 somplete. ikewige, If & admics all small indexed pseudo=limits
it 15 peendo-compidte, and it is lor-complets when it admits al

lax=limits. The répresant [::;—I _-.'5.:.-_:: ] . for rhe natural is: AT Tl
aplax o 5
S8 (F =oAL Fl SeT i D -
n[d,x.,c_Jﬂ_HK] OpfaxlA Catli(F, B(E,E=)) {1.4)

18 called the tnodered oplas-Iimir




ts in B are relared eo those in

o by - : { Th
is ocbrained by R = s
inguishing properties of (af is the duality
D= ( )P: Cat®™® 4 Cat which assigns te each cacegory A the dual category
o to any I=-functor J: A + Cai we may associate the composite
2-functor J° = DI A°C . Cai.
Propasition 1.5, Lat J: A+ Cal aud 3: A =B be 2-Pfinetors. Then

(2 {1,5 . (3.5

T pEd

| 4

EL -
“oplax

{1 {J,51

lax

Froaf. Hote that when we state that two limies are fsomorphic it is alwa

imsplied that one of them exists if and only if the other does.

(L) The indexed limit {J,5F, 4f it exists, is the representing object

for the natural is

L ap
= (6" (8,{J,5})
.E &a
and  [J .8 is the ¢ fo
il oa A
- 2 i - [+ - [ ®
A ety B (B.5  =1) = B (8,{J .5 1




Far J,T: A += {Laf the

Taking T = B(E,5-): A

» Cat then T' = B"(B,5"°-): A"° + Cat.

these observations gives {(J,5} 3 {J°,57}

(2} and (3) are proved similarly, notinmg that

- e co 5 & 0P ~
Padl A,Cat] = (PadlA™ ,Catl) and Lax{A,

m g T
Cafl = (OplaslA™  Cat]

Thus B is pseudo-complete 1f and only if -

Street L24) introduces the more general notion of indexed

appropriace for a bicategory, namely the {nd

is the representing object for the squival

B(8,{F,Gl. .} = HomlA, Ca

for an

ndgwmad haldmis [T
Ewmtbila Lok “

enoe

L1{F,B(B,G-])

y CO
4

G: A = E are homomorphisms of bicategories.

igomorphism and =

and G are Z2-functors, we may. replace H

g0 that {(F,C} B
pad

{F.G}. . may well exis
bi d

iEF §r

f iec exists, is an 1

with no choice of ¢

{1.6) an actual iscmorphism.

The diagenal
5

L L _,_
L=TURCEST ae: A = 0O

the 'i!'!-\.:.-r;-l;:,;;g.'. Lype 4%

2-functor 4A: B = [A,
which is constant at

for an eguivalence).
.

omLA Caf] 4in (1,8) By

ndexed bilimic {F;G!

he representing obiect

When



i G = 1,6},
padlim G = al, ;
..l;d
laxlim G = '

- - - 1 i
Thus lim & is the representing ob

BB,li=m G) = [A Catl{sB.c) (1.7)

B(B,1im &) 4is che category of cones over G with vertex B.

k

CdmiTnerlye madlds @ ad 1 14 i B3 P 1
Similarly psdlim ¢ and laxlim G represent the ind lax=cones

Wi have

r

F (5]
lax

ding expressions for the P-indexed pseudo=1{mir amd ¥ wed
limit
. & - =
a=IUnctaors n[:.ll-:lj &+ Caf PrEESSEIVE,
and 1atmels £1 1 ! = Tk
and jolncly rveflect, all che types of limirts mencioned above. Thus, for
B 1 T Fom A = W B e - v
E(B,laxlim G} = laxlim B(B,G-)}). It follows eagily that if B admie
F-indéxed lax=-1limits, chen L[K,B] ind Ehey are formed
L = p i

&

=L Tt =

-OLLTMEE . [l & v
-

—E r F &
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Similarly we have the indexed colimit F =« G, the fndexed oplax-colimit

G. Again, specializing ro

F o G and the tndered oplos=colimit F #
pad : : oplax
i - ¥ ) ap Wl 1 T o L O AT o, s T A e g

the case of F = &1: A" + Cal gives the colimit, peseudo-colimit,

tap=-golimit and oplar-colimit, namely colim G = 41 = G,

o -

pedcolin G = ilqu Gy, laxcolim G = Al #+ © and oplaxcolim G = ﬁluplnx

I lax
Hote that some authors call the lax-colimit by the name "oplax-colimir"

since

Bflaxcolim G,B) = Qpfax[A.B1(G,AE).

Proposition 1.10. For a 2-fimetor G: A+ B we have a natural isomorphism

B{laxcelim G,BY = laxlim B(G=,B) .

the Lax-colvmit existing precisely whem the right-hand side i representable

1.3 Examples of indexed limits

Throughout the thesis we shall ba continually referring to particular
indexed limits from which we can construct, for instance, indexed pseudo=

=limits. We present- these as illustracions.

(a) Froducta. If A is a set, considered as a diserete and locally-
~digerete 2-category, them a 2-functor G: A = B is a set of objects of
By indexed by A. The limit of G 48 the usual product ] GA. Note,

however, that B(B,[] GA) & TT B(B,GA) is required to be an isemerphism

of categorieg, and not merely of the underlying sets.
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(b} Cotemgor products., Whem A = 1 45 the termimal Z2-category with
one object =, a 2-functor G: 1 + B is given completely by the object
X = G{+). By abuse of notation we shall write X for the 2I-functor.
For %: 1 + B and F: | = Caf the indexed limit is the cotensor product
FiX, which is the representing object from the isomorphism

B(B,FX) & Cat(F,B(B,X)).

When the Z2-category A has only identicy l=cells the 2-categories
[A,Caf], PsdiA,Cat] and Lax[A,Cat] are fdentical. Hence the notions
of produce, psewdo-product and lax=product coincide, as do those of cotensor

product, coteénsor pseude—product and cotensor lax-product.

{c) Imgerters. The tngerter, also called the subequalizer by Lambek
(201, was originally defined as a “Cartesian quasi=-limic" (see Gray [12]).
However, using Street [23] we prefer to define the inserter as an indexed

limik.

Let ¢ be cthe category, considered as a 2-category, consisting of
twe chbjects A and B and two neon=-identity morphisms h,k: A +~ B. Thus
a 2-functor G: { *B i1z a palr of parallel lI=-cells Gh and Gk in 8.
The indewing type for the insercer i8 L:  + faf vwhere LA = 1, LB = 2,
Lh sends the unique object of 1 to the -initial object of 2 and Lk
gends it te the terminal object. The inserter Ims(GhfGk) = {L,G} is
equipped with a l-cell £: {L G} + GA and a Z-cell A: (Gh}E + (Gh)f

which are universal with respect to "inzerting” a 2-—cell frem ©h o Gk.

The inserrer Ins{F/G) im Caf, for the pair of funckors F,G: F + G,
is readily described. It is the category H whose objects are pairs

{A,#), where A ¢ F and &: FA + GA, and whose morphisms E: (A&} = (B,9)
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are morphisms g: A= B of F guch that (Gg)é = ¢[Fp). The associated
functor J: H = F is given by J(A,4)} = 4 and Ji = g, and the associaced
natural transformation X: FJ = GJ has & as its (A,4)=-componentc. XNote

that J 4is conservative.

(d3} Equifiers. Let @ be the 2-category having the same underlying
category aa C above and with two extra I=cells a,p: h = k. Thus a
2-functor G: P + B 13 a parallel pair of 2-cells Go and Gp in B.
Let M: P + Catf have the same underlying functor as L, 8o that Mo

and Mp are uniquely determined. The gquifier Equif(Gs,Ge) of the pair
Go and Gp is the indexed limit {M,G}. Thisz indexed limit is endowed
with 2 l=-cell £: {M,G} = GA, which is universal with respect to

"equifying™ Go and Gp, that 1z (Gp)f = (GCal¥f.

Given A,u,A",u": £+ g: X+¥Y in B, we can equify both pairs
Au emmd A'.w' by first forming the equifier j: 2=+ X of 4 and p

and then the equifier k: W+ Z of 1"} and p'j.

s

Again, in Caf, the equifier has a simple description. Far
hyou: F+G: F+G the equifier is the full subcategory H of F consisting
of the shjects X such thae Ay ® Uy, and the l-cell associated with
the equifier is the fnclusion J: H = F. Note that J 4is once again

conservative (being, in fact, fully faithful).

In Chapter 2 we shall see how equifiers and inserters may be used

in constructing locally-présentable categories,

(e} Inperters. Let ¥ again have the same underlying cacegory as C

but now wich only one exetra 2-cell o: h = k. So a 2-functor G: P = B
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iz a 2-eell Gg in B. Let T42 bae the category with two objects C
and D and two non-identity morphisms c: C+ D and d: O + €. J{Hence
¢ iz the inveras of d). The indexing type for che fxverter is

F: ' = Caf with Fa =1, FB = Jip, Fh sending the unique object of |
ks C and Fk sending it to D. Thus, for (F,G} = Iaw{Gg) there is

a l-cell f: {F,G} + GA such chat (Gs)}f 4is invertible and £ is

universal with this property. Dually we have the sofnperter of a 2Z-cell.

If B admits equifiers and inserters then it also admits inverters.
To form the invercer of the 2-ecell p: f +g: X+ ¥ in B first form
the inserter Z = Insl(g/f) with the associated l-—cell m: Z + X and the

associared 2-cell A: gm + fm. Eguifying both pairs ilu.m), 1 and

fm

(u.m)i, 135 gives the inverter.

The inverter inm Caf of 2 natural transfor=atdon p: H = K: F = &

18 the full subcacepory of F pgiven by the sbjectz X sueh chat Py is

an isosorphism. The colnverter of p 15 the category of fractions

G[E_L: where [ 18 the set of all components Py of the narural
transformacion.

(£l Tea=tngertars. Let  be che category mentioned above in connéection

with deseribing the ingserter. Let L: € + (af now have the same underlying

functor as that for che indexing type of the inverter. The T g o=1HEEPEan

of Gh and Gk, where G: C +EB, 18 {L,G}. Associated with it are a

l-eell #: {L,.G} = GA and an iavereible 2—cell 3: (Gh)E = (GkIE, which

m

are universzal with respect to inserting an invercible 2-cell from Gh to Gk.

Again the iso-inserter may be formed using equifiers and inserters;

firsc ingserc a 2=cell and then Invert it.
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We may use inserters and equifiers to comstruet chjects af algebras.
Let T = (t,n,u) be a monad on the object B of a I-category B. A
-algebra isa l-cell s: A+ B and anaotion of ¢ on =, that is
a Z=cell wvi ts +8 such that w(n.g) = 1 and wlt.w) = wiy.g). The
cbject of T-algebras BT is the universal such T-algebra. IF B admits
inserters and equifiers this may be formed by taking the inserter
X = Ins(t/l) with associated l-cell r: X+ B and associated 2-call
#: tr +r, and then jointly equifying the pairs p{nax), 1 aod pfe.p),
plu.r). (See Kelly and Street [19] for further details). Hote that for
any adjunction £ — §: €+ A dinducing the monad T on A there is a

unique comparison l-cell C + AY with the usual properties.

1.4 The Grothendieck constructions

Comma categories have 2-categorical analogues: they are called
lax-comma categories by Gray [12]. For a pair of 2-functors G: A + B
and H: ¢ « § the objects of G//H are of the form {4,h,C), where
Ae lf, Ce ¢ and h: GA = HC. A l-call C(£.4,8): (A,h,C) + (A',h",.C")
of G//H has f: A+ A", g: C+C' and 4 (Hedh « h'(Gf), and a 2-cell
(apgd: (£.9,8) = (£',4",8") isa pair of 2-cells g: f + £' and
B: 8 » §' sacisfying (h'G(a))¢ = &"(H(E}h). There are Z=funccors
du: Gi/H + A and dys G//H « B and a lax-natural transforsation

T Edﬂ + Hd, , with the universal property given in Felly [15].

The cbjects of the oplar-comma eategery G\\H are again of the form
(Ah,C), where A ¢ A, CeC and h: CA = HC, but now a l1-cell
(£,9.8): (Ah,C) o+ (A',h',C") has F: 4 - A", g: C=C" and

¢: h'(Cf) + (Hgdh. A 2-cell (a,g): (£.4.8) + (£',8.8) 415 a pair of
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2-gells o: F -+ £' and B: g + g' zacisfying (H{9)R)& = &°'(h'G(a)).

here are 2-functors ku: GhWH =+~ A and 11: G\iH = € and an oplax-natural
crangformation o Gk, + Hk; , with a universal property similar to thac

for the lax-comma category.

ODur interest lies in a particular {astance of the lax-comma category,
the Grothendieck lar-congtruction EIF = A1//F for F: A = Cat and
al: 1 = Caf, Adopting a convenlent notation, the objects of EEF are of
the form (A,%x) where A e A and x: 1 + FA is an object of FA. A
l-cell (£,4)}: (A,x) + (B,y) has £: A+ B and 4: (Ff)x + y. The 2-cells
of EEF have the form X: ($,f) + (8,g) where A: f+g is a Z-cell of
A for which #((Ff)x) = 6. Associated wicth EZF are the canonical
projection dT: EfF = 4 sgending (A.x) to A&, (F,4) to £ and L to
4, and the lax-natural transformation

d
EEF F A

]

T

al

with = % and TCE,4) = 4. The universal property here becomes:
"

T(A,x)

Froposition 1.11. (Kelly [15]). For a 2-fimotor Fi: A « Cat aod a

Icategory C there 18 a bijection between =frietore G: C + EfF ond

patre (H,a) consisding of a Z2=flotcter H: =« A od a2 lez-notioal
tranaformation g: Al = FH. Imder the bijection a = tC and H = d_.

If G':s C = EfF correspomde to (H',a") them there {3 a bifection betwesn
Zertxtural troneformations y: G+ G' md pafrs  (p,u comatating of a
S-natwral trangformation pt H + H' and a modification u: (Fpla +a' ,
given by o = dFT aotd He = rTC . |
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When necessary the lax-natural transformation t: Al » Fd_ associated

is denoted by =

with the 2=funcior F: A - Catf Tp .

For a lax-natural cransformation +: F =+ G: A = Cat che associated
lax=natural transformation {TdF)TF must be of the fora tGT. where

4T = d,, for a unique 2-functor T: EZF = E£G. We denote T by iT-

Using the 2I-dimensional aspect of the universal property a modificarion

v + Bt F=+ G gives a modification Tﬂd - 1Gdg‘ and hence a ZI=-natural
T
transformation d_: d -+ d, such that dﬁdi = 1. It is easily checked
5 T B
that these definitisns pive a 2-fumcter d: Lax[A,Cat] = 2=Cat/A. For

[
o

fngrance, if y: F+ G and p: G + H: A = Cat are lax-natural transformations

then :HﬂJdT - [I:;J.dn]:[:_:lﬂ_r_ = ({uy) ..d.}.:l‘:F and deIr'd‘l' = dl.'.'d*-r o d"F'

fmplying d d =4 ;
pRYinE 4% uy

The Crothendigek oplaz-conatruction, for a 2-fumctor F: A = Cat,
is the 2=category OiF = AI'WF with the projection kyp: GAF + A and th

cplax=-natural cransformation o. @ 41 + FkF. As with the Grothendieck

P
lax-conatruction, k has an obvious extensicn to a 2-functor

k: Oplax[A,Cat] + (2-Cat/A)"°.

An element A of a 2-category A wmay be considered as a I-functor

A: 1l « A, For a 2-fumctor H: £ = A we have

Proposition 1.12, The E-categories {Hfﬂﬁ}ﬂp ard  GelA(HE-,A)) are

{gomorphio.

Proof. Mote that A(H-,A): P 4+ Cat. The l=cell of P corresponding

to the l-cell g: C &+« D of ( is denoted by E: D= C.




==
I

==

Ln

Let (c,x) ¢ Ga(A(H-,A)), where C ¢ C°F and =x: 1 = A(HC,A).
Thus (C,x,»} ¢ (H//A)°F, vhere = is che unique object of the terz=imal
2-category 1. A l-cell (F.4): (C,x) = (C",x") of OGu(A(H-,A)) is a
l-cell F: C-C" of C'P anda 2-cell ¢: x'- A(Ef,A)x, that is,
2 l-cell f:C'+C of C and a Z-cell &: x' = x(HF). These are
precisely the data for a l=cell [f,_—.,l_j; (C",e'",») = (C,x,=) of H/fA.
The 2-cell g: (F,4) + (F',4") of OGu{A(H-,A)) gives the 2-cell
(a,1): (£,0,1) = (£',9",1) of (/P 0
Hoce che conscructisn H/SfA is 2-funcecorial im both A and
H, 4o an evident way, and it is casy co verify che 2-paturalicy of chae

igcmorphisn here.

For 2=-functors H: C =4 and F: A =+ Cal che universal property

of Proposition 1.1l yields an iscmorphism
i E=CalfA(H,dF) + Lax{C,Cafiial,FH)

given by cosposition with t.; that is, #(T) = :FT for T: ¢ =+ EZF

such that d.T =H, and #(d) = {134 fer a: T +T' such thac

dFJ' = .1?_. . Thus

Proposition 1.13. PFor 2-fiootors H: { - A ad F: A = Caf, we have
2-Cat/A(H,d4.) & laxlim(FH).

Froof. Recall thac laxlim (FH) = Lgx[C.Catl(al.FH). i

kg

The pasting composicion with =« glves, for 2-funcrors

F.G: A = Catf, a functor

pr Lax(A,Catl(F,G) - Lax(ELF,Catl(al,ody) ;
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if W F+0C is & lax-patural transformation them p(i) = {ldF}TF, and

1f E: X = 2" is a modification them (L) = [idT}:F a

Proposition 1.14. The fimotor p 18 an tzomorphism.

Froof. We give the inverse q: L:.'.I:'EEF.{‘L:I]{H,G&F} = lax A Cat (F,G).
For a lav—cone £: Al = Gdr the lax-natural transformaricn a = g{B): F =
has A-component @,: FA + GA  such that ah{x} - E{ﬁ,x} for ¢ FA

and a,l{$) = for a morphism ¢: X = x' in FA: for a l-cell

“(1,4)
f: A+ 8B of A the natural transformation ag has x-component
{Hf): = E(f 0’ where (£,1): (A,x}) + (B,(Ff)x). For a modification
£: 8 = 8' the A-component of the modification 3(£): a +a' is the
!

natural transformation o a, * e whoge X-component is

S0 B B ¢ O

Thus indexed lax-limits in Caf reduce to lax-limics, since

(F.Gly = laxlim(Gd_) from the proposition above; and, since the definition

la
of limic i3 representable, this isomorphism holds even vhen the codomain
of G ie an arbitrary 2-category B admitting either {and hence both)

af the limics.

Propesitions 1.13 and 1.15 togecher give

Theorem 1.15. The Z2-fumetor d: Lax[A,Cat] + 2=Cat/A {i& fully faithful.

Proof. For Z2-functers F,G: A4 + (af we have, as already nociced,
igemorphisms p: Lax[A,Cat](F.G) =+ LﬂxfEfF,faI}{i],GdE} and

xi E*C&IfA{£F1dn} - Lax:EEF.C:I:[al.GdF}. But p 1is the composite of =
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and 4 : Lax{A Catl(F.C) = E-Cgtﬂt{d,.dc}. 50 d is an isomorphism,

F.G’

as required.

F.G

Similarly, it may be shewn that

Theorem 1.16. The 2-fumeter k: Oplax(A.Catl = (2-Cat/A)™® i fully

11111 e

1.5 Lax-colimits in ot

The functor g: (af + Sef assigns to each category its set of
connecteéd components; it Is the left adjoinc of D Sef - Caf, which sends
each set to the corresponding discrete eategory. Then (see Kelly (17D,
for an ordinary functor F: A + Sgf, the colimit of F is glven by
colim F = y(gfF). A similar formula is available for the lax-colimit of

a 2=functoer F: A + Caf.

The functor D: Spf = Cat induces a 2-functor D.: fat = 2-Cat.
given by treating each category as a lecally-discrete 2-category (see
Eilcnb;rg and Kelly £7]). EI;tE D, is a full embedding it is oftem
suppressed, so that B may denote, depending on the context, a category or
ics corresponding locally—discrete 2-category D (B). The 2-functor D,
also has a left adjeint 4, : 2-(af + Cat, where 2, (A) and A have the

sane objecrs and f—_{A]}{h,E) = w{A(A,B)).

Proposition 1.17. Fora 2-floctor F: A - Caf we have @  S-natural

teomorphigm

laxcolim F = :.{Gﬂf}ﬂp ;




Propf. By Theorem 1.16, the 2-functor k: Opfax(A Caf] = (2-Cat/fi

ig fully faichful. Thus (see Seccionm 1.2)

Cat(laxecolim F,BY = OpfaxlA, Catl(F,aB)
Ay puy T o
':-'- Caffad {-*‘-]_-..-I\'-__,,IE‘.I

((2-Cat/A) (g, k, o)) P

The Grothendieck oplax-—construction : GalaB)+A4 from aB: A - Cat

4B
ap
is isomorphic to pr,: A = B = A, 5o

2-Cat/Alkp,k,g) 3 2-Cat(Grr,B°P)

LEs

Cat(n (GrF),B°P)
Thus

faiflaxcolim F B} = Eitfn'{GJF}3P45J .

the iscmorphism being I-nmatural im beth E and

1.6 The left adjoint to the inclusion [A,Cat) = Lax(A, Cat]

Since d: Lax[A,Cat] + I<Cat/A is fully faithful we have a left
adjoint to the inclusion J: [A,Cafl = [axTA.Cat]l 4if we have a lefr

adjoint to the composite H = d4J: [4,Caf] + Z-Cat/A.

Theorem 1.18. (1} The 2-fumctor wv: Z-CatfA + TA,Cat] sueh that

'3

wiG) = g (Gf/=) 1¢ Ieft adioint o H: LA, Catl = I-Cat/fA.
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(2} The incluaton J: [A Cat] - LaxTA . Catl has a left adjoint

()7: LaxfA Cat] = [ACat] such that F = x_(d.//-).

Proof. (1} Proposition 1.13 established chat

m—

I-Cat/A(G,H(F)) = 2-Cat/A{G,d) = laxlim(FG) ,

for 2I-functers G: C + A and F: A + Caf. But, by the Z-categorical

Toneda lemma,

ul

{FG)C CA Catl{AlGC,=}F)
= [A,Cat](GC,F) ,

where G = ¥YG°F: (7P . [A,Cat] and ¥: A"F < [A,Cat] 1a che Yoneda

embedding. Hence

laxlim({FG} = laxlim[A,latl(G-,F)

[A,Cat]{laxcolim G,F) ,
by Proposition 1.10. But by Propositfon 1.12 and 1.17,

laxcolim G = 1*[{3';5}1:"-:'

2, (G//=)

¥(G)

Hence

-

2-Cat/A(G, H{F)) [ACatI(v(c) . /)y ,

the isomorphiss being 2-natural in & and F.

(2} follows immedfately. O
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In later sections it will prowve convenient to have a more explicic

deseripeion of the isosmorphism
LaxfA,Catl(F,G} & [A,Catl(F ,C) {1.19)

For F: A~+Caf and A ¢ A the objects of d.//A are triples (x,B,u),
where B ¢ A, x: 1+ FB is an object of FB and wu: B+ A is a l-cell
of A. A l=cell {(¢,f,9): (x,Biu) + {y,e,v) 18 a triple such thac

f: B+ C, 4: (Ff)x + v and w: u = vf,

The image of a lax-natural trangformation a: F + & under the
isomorphism (1.19) is the 2-natural tramsformation @: F - G: tha
A-coRponent B, : ?*(ﬂFffﬁ} + GA szends (x,B,u} te Gu{aﬁ{xl} and sends

[{¢,f£.,4}], the equivalence class represented by (¢,f.0), o the composice

FB ';lE
#Jﬁfﬁ,sffﬂ;r Gu
1 » FE - Gf G GA (1.20)
\\ } o &
FC - G
c

1.7 The left adjoint to the inclusion [A,Cat] + Pad[A,Cat]

Te deseribe the left adjoint to the inclusion K: [A,faf] = Fad[d.Caf]
we shall specify those elements of [A,Cat](F ,G) which are the images of
pogtudo=natural transformations under the isomorphis= (1.19). From the
explicit description of the image §: F' + ¢ of the lax-natural

transformation o F = G 1t follows that mach ag is invertible 1f and

only if each B, F'A + GA inverts those l-cells [(a,8,9)] for vhich
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4 and ¢ are invertible. This seer of l-cells will be denoted by FEA

and be regarded as a discrete category. If #, % and a, are invertible
SA: F A+ GA inverts the

l=cells in FGA then, taking ¢ = 1, C= A, w=] and $ =1, we see

then so i the composice (1.20). If each

that each natural transformation a_ 4is invertible.

-
There are obvious functors 3uh,a A F:& + F A such that

1
fﬁﬂﬂifﬂj = dom(f) and EEIﬁJ(E] = godom{f). The natural cransformations
7% BDA - Elh such that {;ﬂ)E = £ are the 2Z»=cells for a medification

o ao - 31: Fc +«+F': A=+ Cat. Let F'A be the category of fractiona of

F+A glving the colinverter of In fack F‘A is a value of a 2-functor

I:'_l,“
{ }T[ Jeo Lax[A,Caf] = A - Caf, while Fch iz a value of a 2-functor
[ ]c{ Y: Pad[A,Cat] = A = Caf. By rescricting the firsc of these to
PidlA,Cat] = A, G& and 31 become I-patural transformations between
these 2=functors, with p as a modificacfon. So ( }' becomes a

Z=functor { )": Pad[A,Catl] = [A,.Caf]

Theorem 1.21. The incolusien K: [A,Cail + PadlA,Cat] has a left adjoint
[ }', where F'A <5 ag desoribed chove.

Proof. The ceinverter of p is €: Ff +« F'. 50, for each G, the

induced functor [A,Cat](t,G): [A.Catl{F'.G) + [A,Catl](F ,6) is the '
inverter of [A,Cat](p,G). But, from the observations abowe, this inverter
is precisely the full subcategory of [A.Cﬂ{]{FT.E} whoge objects are the
isages of the pseudo-natural cransformations under (1.19). 5o

CACatl(F",G) & PydlA,Cal)(F,G), the isomorphism being 2=-natural im F

and G.
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In the resainder of this chapter a pseudo-natural transformation
will be denoted by F A Gy while the notation F+ & will be

reserved for a 2-natural transformationm.

¥

We henceforch use Apt Frwas T for the unit of the adjunction im
Theorem 1.21 and £t G'« G for the counit. The unic has the property
that any pseudo-natural transformation s: F v+ G factorizes as Uig
for a unique I-natural transformation t: F' = G, and the counit has the

propercty that any I-natural cransformation f£: F' + G is epg' for a

unique pseudo-natural cransformation g: F vianes g

Note that, in genaral, there is no left adjoint to the inclusionm

Pad[A.Cat] = Lax[A.Cat]. This inclusion does, howewer, have a hiadjoint,

namely the composite K( )¥. The counit Epts F'*+ F' is an equivalence

in [A.Cat], and this equivalence induces, by composition, the

equivalence

ot

Lax[A,Cat] (F,0) [A,Cat](F ,0)

= [A,Cati(Ft,6)
% PudlA,Cat](FF.C) ,

which 18 2Z-nacural in F and G.

Let A = Z the category, which is also considered as a locally-
-giscrete Z-category, with two objects and one non-identity morphisa
f: A+ B. If the inclusion L: Pad(2,Cat] + Lax[2,Cat] has a left adjeint
()*—| L, then F' & (F*)" for each 2-functor F: ? + Catf. When
F=41: 2+ Cat the 2-functor F': ? + Cat 1is such that F' A = 1,
F+a = 2 and F'f sends the unique object = of 1 eto A. If there is

4 2-functor G: 2 + Caf such that FT = ' then, as is easily seen,




GA = 1 and che morphism (1,£;1): (=,A, £} = ({(GEY(~)},B,.1) imn C'B gives
an invertible non=identity morphism of G'8. Bue F'B haz na such invercible

non=idencicy morphism. Hence L has ns left adjodnt.

£

1.8. Reduction of indexed pseudo-limits to indexed limits

Hote that indexed pseudo-limics are but parcicular instances of

indexed limits.

=t

Proposition 1.22. [Let F: A~ Cat and C: A+ B be 2= Fiistore. Then
1 {r.c = (5

(1) ‘P}lax \F Gl

el

{7 (F } = {F

(2) i..G,?Ei \F* G} .

Froof, (1) As a particular instance of the isomorphiss (1.19) we have

Lax[A,Cat](F,B(B,c=)) 5 ([A,Cat)(F ,B(B,G-)) .
The representing objects for each side are ([F,G} and {?_,G}

reapactively,

{2} is proved similacly. 0




1.9 Indexed Timits of retract type

A8 shown In the previous section indexed pseuvdo-limits are particular
ingtances of indexed limirs. Indeed they can be constructed from the basic

indexed limits mentioned in Section 1.3.

Proposition 1,23, (Screet [24]1). If the Z-category B admits products,

cotensor products and i{so-ingerters, then B adwits indezed paeudo-limits.

Progef. TFor 2-functors F: 4 + Cat and G: A + B the indexed pseudo-
=iimit iF.G}PEd is the iso-inserter for a pair of l=cells

F.g: 71_ (FA & GA) ;r?id{ﬂ.Bj w FA) % GB, rhe products being takem over

B

objects of A, 0 (Note June 1988: this proof is inadequate; for a
correct one see Street, Corrigendum to "Fibrations in bicategories",
Cahiers de Top. et Gdom. DLFF. 28{1987), 53-56.)

similarly, if B admits preducts, cotensor products and inserters,
then 1t admits indexed lax-limits. Thus B admits indexed pseudo-limits
and indexed lax-limits if it admirs products, coténsor products, imserters
and equifiers. The equifier, ingerter and Iso-inserter are mot indexed
peeudo=limics. They are, however, of "retrace cype": a 2=-functor
F: A = Cat and the allifed indexed limits {F,G} are of retract type Lf

the counit eg F' = F of the adjunction in Theorem 1.2]1 is a retractiom

in [A,Cafl. (Mote June 1988: the epithet "retract-type” has since been
teplaced by "Elexiblae".)

Proposition 1.24. For a 2-fimctor F: A = Cat the following are equivalent:

(i) There 8 a 2-flowctor G: A + Cat and g retraction C" « F in

s Ay
'_AFLI:.-L__-

(2) There {8 a retrgetion F' + F €n [A,Cat].




{3) The coumit Ept F' + F is a retraction tn [A,Cat].

Proof. Obvioualy (3) implies (2) and (2} implies (1).

Assume £: G'" = F 48 a retraction. Then £ = cF:' for a unique
t: G anans F, and ao EF iz a reccaction. |

Recall that a category, or a 2-category, K is Cauahy complate
if all idempotent l-cells in K split (see Kelly [17]). The Cauchy
complation of the full image of ( )': PadlA,Catl + [A.Cat] is the full

sub=2-category of 2-functors of recrace type.

The splitting of an idempotent may be viewed as a limit. Let Idem
be the category, considered also as a loecally-discrete 2-categery, with one
object X and two morphissms, tx and & = e*, A 2-functor F: Idem - B
is determined entirely by the idempotent £ = Fe: FX + FX. The limir of F
has two associated l-cells i: lim F + FX and r: Fi{ = lim F, such that

ti = | and 4ir = f, which are called the splitéing of f£. Obviously

guch limies are absolute limita: rthey are preserved by all ZX-functors.

In Cat, the spliteing of an idempotent endofunctor F: A +« A is
given by R: A =B and I: 8 +A as follows. The category B is the
“image" of F; it is the subcategory of A glven by the objectas A with
FA = A and the morphisms f: A +B with Ff = £. The functer I {is the
inclusion, and R is F seen as taking values in B. The hom-sets
B(FA,FB) of B are, in face, given by the splitting of the idesporant

t A(FA,FB) -+ A(FA,FB), where the morphisa F. _: A(C.D} =+ A{FC,FD)

“FA,FB

iz that determined by the functor F.

c,D
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Using Cauchy completéness - that is, completeness with respect to the
splitting of idempotents = we can characterize the 2-categories which admit

all indexed limirs of retract type.

Theorem 1.25. For a Z-category B the folloawing are equivalent:

(1) B8 ig Cawshy complete and peeudo-complete.
{2) B adwits all indered limits of retract fype.
(3 B t8 Cauwshy complete and adwits -ingarters, eguifiers, products,

and sotensor producta.

(&) B is Cauchy complete and admits tac-inserters, products, and

aotengor producta.

Proof. (L) = (2). Assume B is Cauchy complete and adeits indexed
pseudo—limits., For F: A + Cat of retract type there i p: F+ F' such
(Remember that £

that e p = 1 1s the counit of the adjunction in

F F

Section 1.7). The indexed limit {F',G} = {F,G} exists for all

pad
-functors G: A = B. The idempotent a = pegt F' = F'  induces an
idempotent on {(F",G}, which splits as ¢: {F'.C} + L and s: L = {F*,cl.
Thus, for each B ¢ B, there is a splicting B(B,c): B(B,{F\G}) + B(B,L)
and B(B,s): B(B,L) + B(B,{F',G}). But composition with p and =
respectively give a splictting, [A,Caf](F',B(E.G=)) = [A,Cat](F,B(B,G-))
and [A,Catl(F, (B,G-)) + [A,Cat]l(F',B{B,G-)), of the idempotent given by

composition with e¢. Hence L = [F.G),

(2) = (3). Obviously products and cotensor products are of retract

typei for 1f ¥ is a 2I-category with no non-idemtity 2-cells then the

inclusion [P,Catfl] + PsdlD,.Caf] is an isomorphism, and so all 2Z-functors
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D+ Caf are of retract type. Ingereters, equifiers and splittings of
idempotents are also of retract type, as may be checked by considering the
counie EF for the indexing type F in each cage. It iz easy Lo see
what the counit Ept F' + F is in these simple cases without using the
general formula of Theorem 1.21. For instance, if L: C = (af 1s the
indexing type for che inserter (given in Section 1.3{c)), then

L': £ + Cat is identical with L, except that L'B differs frem LB in

that each ebject is replaced by a pair of isemorphic objecta.

(3} = (4). This implication follows from the chbservations in

Sectiom 1.3.

(&) = (1). This is a direct consequence of Propesition 1.23. D

A 2-caregory which sarisfies the equivalent conditioms of the

proposition is retracst-type complete.

Corallary 1.26. If B dis retract-type complete then it is lax-complete.

Proof. If E is retract-type complete then it admies preducts, corensor

products and inserters, and hence indexed lax-limics.

Alternatively, note that each F+ iz of retract type. Let w apd
4 be the unit and counit respectively of the adjunceion
(3T 43 [A.Cat] = Lax[A.Cat]. The triangular identities for an adjuncrion

+ S
give & 1. and IE.FnI-{'uEJ = ] & . Lee p= |5-F+,[r|1‘_+:| {'-.!-F_] y Wwhere

F'F~ 'F F
n 1s, as before, the unit of the adjunetion ( )'—f K: [A,Cat) = Pad[A,.Cat].

Then
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Epsd = 5F+G?4.inrlf{ur}+

o t, L F
I}:"-H:LJ‘ J.-:' {!'I..:.—} ':'v[_.:'

ﬁFe{uF]

that 15, ¢ is a retraction in [A,Cat]. 0

Ft

A 2-category A is of siz¢ a, where o is a regular cardinal,
if the mumber of 2-cells in A, and hence the number of l-¢cells and the
mmber of objects, is less cthan o. A 2-functor F: A + Cat is of size
a if A and each FA 1s of size 4.

&+

Lemma 1.27. (1) If F: A= Cat i8 of ofse o then so ig F
(23 [T moreéover, o 18 wicowitable, then F' fg olge af atee a.

Proof. L1} For each A ¢ A the number of 2Z-cells in the 2=-category

d./fA is less than a, and hence Fr(A) = n (do/fA) 15 of size 4.

|

(2} Slnce F'(A) = FfiA][:_ 1, for a set of morphisms [ in F+{A}~

it 15 of size o, provided a 4is uncounrable, 1]

If B admits all indewed limits with indexing type of gize 4

[and of retract type] we say that 3 is a=campiate [retroct-type

a-complete]. If B adaits all indexed peeudo-limits with indexing type
of size a it is peendo-g-complete. The proof of the next theorem is

analegous to that for Theoerem 1.25.




Theorem 1.28. [L[et o bBe an imcowmiable regular cardirzal.

E-agtegory B the following are equivalent

(1) B ig Couchy complete and pseudo-s-somplete.

(2) B {g retrast-ftype a-complete.

3 B ig Couahy complete ond adwite {inserters, eguifiere, p
§izd o, and cotensor products of atee a.

{4} B <2 Couchy complete aud admits {sc-interters,

and cotenger products of size a. U

E

BN

For a

Some examples of recract-type op-complete 2-categories are examined

in the next two chapters.




Chapter 2. The retract-type completeness of Loc

The intention of this chapter is to show that a-loc admits all
ipdexed limits of retract type. Moreover, these limits are formed as in

CAT

and sc may be readily caleculated.

In an unpublished paper Ulmer [28] uses the existence of inserters
and equifiers in Llee and Lladf to prove, for instance, that a category
of cosheaves on a locally-presentable category is itself locally presencable.
We prefer to adept a different approach to his and instead stress the

2=categorical framework for these results.

Throughout the chapter a £s an arbirrary regular cardinal.

2.1. Cauchy completeness and adjunctions

We wish to establish the Cauchy completeness of a=[pg. To de chis
we first prove some results about ldempotent right adjoints. For a
2-category & let Radf(Kk) denote the locally=-full sub-2-category of K
with the same objects, but whose l-cells are right adjeints in K. Thus
n=Loe = Radjla-Rank) and Loe = Hadi(Rank). Similarly, L[adf(K) denoreas
the sub-2-category of K whose l=cells are left adjoints in K. Since
for adjuncticns 51 "?Tl and 52 - T!' natural trnn:fnrmu;iaﬁﬂ
T Tl +« T, berween right adjeints correspond bijectively to matural

2

transformations g: 52 - EI berwean lefr adieincs, it iz clear that

Ladf(K) and R:djik}canp are bilequivalent.

The following proposition is an i=mediate generalization of an

chservacion by Paréd (aee Mac Lane [21], p.B4).




Proposition 2.1. (Paré€). Let G: A =B md F: B +A bg I-cells in

a 2-oategory K, oud Iet p: 1, - GF and e: Fo = 1 ba B-cells such

e - . I 23 A Al £F Toad o
HIETDOTEnE gPLtiE L] g anly 1 G uIE a2 Laft adioing.

Froof. Denoting (cFY(Fo) by o we have I_'.|1I{I:F]I::"('I:Gf:ll:pc:l:lF:'{Ptj

= (eF)(Fp) = a.

Agsgume g gplits as 1: F+K amd A: K+ F, 80 that it = g
and T4 = 1,. Then K — G, with unit (Gt)p and counit e(iG). Conversely,

if K— G, withunit n and counit 8, then t = (eF)(Fn): F + K

and A = (EF)(Kp): ¥ + F give a splitring of o. ad

& 2-category K is locally Couchy complete 1f each category K(A,B)

is Cauchy complete.

Recall our convention that, for an adjunction P= Q: C + A in a
Z-category B admiccing objects of algebras, the l-cell O 4is monadic
if the comparison l-cell C + A’ is an equivalence, T being the monad
induced by the adjunction. The property of being monadic is representable.

For let £: B =D be a l-zell such thar each functor BlX,f): B(X,B) - B{X,IN

is an equivalence. Then there iz g: D + B such that fp = 1o, and,
eince fgf = f and B(B,f) is fully faithful, gf & 1.+ Moreover, by
definition, (X,A)) ¥ B(x,a) +0T)

Proposition 2.2. (1) If K is a locally Caucky complete 2-categowy,
then Radi(K) fe locally Caushy complete.

(22 If K i3 g locally Cauchy complate 2-oategory wiich is also

Cawcny corplete, them Radf(K) is Cauchy complete.




T8 " w T T v e R Bk - ¥ s i
(3 If K ia looally wity complete and Caushy complete, ond cdmits
obdests of alosbras ™ LT Eha fadgmraEant pent e armE G A = A ‘s K
oy B el i Ly O L i e - i L '-:-'\-I.I- LR« :'I b alay e b & N & -

Proof. {1) let F=—G with unit n and counit &. An idezpotent
2mgall y: G +'G on the right adjoint gives an idempotent 2I=cell
g = (eF)J(FyFi(Fn): F+ F on the laft adjeint. These idemportent 2-cells

gplic In K, as ag: G = E and T E « G and ag A: F+F and p@: F - F

say. Then F —} G with unit (o.M)n and counit elp.T).

(2} Apain let F—=G: A+ A with unit n and counit €, and & = Gz
idempotent., Assumé (G splits in X as BR: A+ B and I: B - A. Leteing
E=FI: B+A, the 2-cells p = Enl: ly =RE and c: FR = GF = 1,
satisfy the hypothesis of Proposition 2.1. Thus R has a left adjoine.
Similarly, letting I =RF, the Z2-cells n: lA = 1T = GF and

g = Rel: II+1 saciafy the hypothesis of Propositiom 2.1. S0 I also

B
has a left adjeint.

(3) From the remarks about representability above it 1s gufficient co
conaider adjunctions R. -+ R: A+ B and L ~ I: B+ A in CAT such
that B and I are a apliceting of the fdempotent G = IR: A - A. As in
Seccion 1.9, we may :PuﬂLdur I: B+ A to be an inclusion. Ler

f.g: GX + GY be a parallel pair of morphisss fan B suvch that If = f

and Ig = g have an absolute coequalizer h: GY¥ « 2 in A. Then

Gh: GY = GZ 15 also a coequalizer of GE = f and Gg = g. Thus f and

g have a coequalizer, Rh: GY + G2, in B, and I preserves and refleccs
coequalizers of such pairs [,g. By the modified version of the monadicity

theorea of Beck, given in Mac Lane [21] p.151, the funceer I i3 sonadic

i our Sénse. 0




2.2 Retract-type completeness and complete categories

Throughout the remaining sections of this chapter we shall be
concerned with various sub=2-categories of (AT, and with their closure

with respect to indexed limics of recract cypae.

For a elass F of small categories the objects of the locally-full
sub-Z-category F-Comp of CAT are the F-gompleis categories; CLhat is,
they admit the limits of all functors wheose domain belongs to F. The
l-cells of F<Cgmp are the F-gontinucws fimotors, those which preserve
all these limics. For instance, vhen F consiscs of the cacegory [dem
of Section 1.9, then F-Comp is° Cauchy, the full and locally-full
sub=2-category of CAT whoze objects are the Cauchy complete categories.
A Z2-category K is lecally F-complete if each category K(A,B) is
F=complete and 1f the functers K(f,B) and K(A,g), given by composition

with f: D+ A and g: B+ £, are F-continuous.

Proposition 2.3. For amwy classe F of amall categories, F-Comp is

looally F-complete.

Proof. Let A and B be F-compléte cateégories, let K be a category
in the class F, and let T: K + F=Comp(A,B) be a funeter. If

J: F-ComplA,B) = CAT(A,B) 1is the inclusion, then the composite

JT: K + CAT(A.B}) has a limic, L = lim JT, constructed pointwise. Since
limits commute with limics it is easily seen that L is F-continuous

and that L 4is the limit of T in F-Comp(A,8). Obviously, such limits

are preserved by composition with F-continwous funcrors.




L]
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Corollary 2.4. If every F-complete category ie Cawchy complete then
F=Comp t8 locally Cauchy complete. 1

It is not true, in general, that (the underlying category of)
F-Comp 1is F-complete. Let F be the set of finite caregories and let
Fofr 1+ Ts0 be the two distinet Puncetors from 1 es Tie. The only

functor which equalizes the funceosrs F and € £5 O « l, and the empty

category U is not finitely complete.

Before showing that F-Comp 4is retract-type complete we note a
result connecting the completeness of categories and the splirting of

ldempotent eéndofunctors.

Proposition 2.5. (Isbell [14]). Let A be a Cawchy complate sategory

and let F: A= A be an idempotent endofimotor whish gplits as R: A + B

and I: B+ A. The fimctor T: K+ B “has a limit tf IT: K+ A does.

Proof. First note that B is Cauchy complete. If b: B+ B 1is an
idempotent in B cthen Ib splits, as £: IB+ A and g: A -+ IB say.

Se Rf: B+ RA and Rg: RA+ B give a splitting of b = RI(b).

Agsume T: K+ B 15 a funceor such that lim [T = ¥ exises, with
limit-cone ,: 4% = IT. Wow Fp: F{AX) = A{F¥} = FIT = IT is also a cone
over IT. Hence there i a unique morphisa t: FX + X 4n A such that
Fo = plAc). Bur Fp = Fga-'inﬂ{FL]} = plac}(A(Fe)) = p{&(e(Fe))), and
go t = c{Ft)., Thus Rt = Rt{RFc) = Ilr-:L}E is an idempotent in B, spliteing

48 r: BX -« L and i: L + BRE. It f£s easily checked that (Ra)(aid: AL - T

is a limit-cone Iin B. L
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In the proof above, if F preserves lim IT then t 18 an
isomorphiss, and Rt 13 an idencicy. In this case the hypothesis that
A 1s Cauchy complete is unnecessary. A similar proposition holds for

colimics.

Theorem 2.6. For any clase F of small categories the Z-category F-Comp
admits all tndexed limits of reiract fype. Moreover, these lLimiig are

preserved by the inclusien F-Comp -+ CAT,

Proof. By Theorem 1.25 it suffices to establish the results for
{a) splitrings of idespotents, (b) produces, (e} cotensor products,

{d) dinserters, and (e} equifiers.

{a) Spliccings of idempotents. Ler F = FI: A4+ A be an idempotent
l-cell in F-Comp, which splits as R: A+ 8 and I: B+ A iIn CAT

For ¥ inm F and a functor T: K+ B, the limit X = lim IT exiscs,
with limit-cone »: AN » IT. Mow Fp : AFX - IT is also a limit-cona,
since F 1s F-continuous. As in the proof of Proposition 2.5 there is
a unique sorphism c: FX <+ X in A such chacr Fp = plat). Hereover t
is an isomorphism and Rt 4s the identity on RX. The cone Rp: EX + T
iz & limit-cone in EB. S50 B 1s F-complete. Considering the formation
of F-limits in B using those in 4, it is ¢a;ily geen that R and 1

are F=continuwous.

(k) Products. For a set { Af of F-complete categories the product
TT'AJ in CAT is F-complete and the projections p,: TT'hj + A, are
F=continuous. Since the projections are jointly comservacrive - that is,
a morphism ¢ im TT Aj is an isomorphism if and only 1f each pi(t}
is - a funceor F: B = TT Aj from an F-complete category B is

F-continwous if and enly if each piF is.




ha
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{a) Cotensor products. If C i3 a small category then CATLC.0] admircs
whatever limit-types [ does, and these limits are formed pointwise.

L;t A and & be F-complete categories. Under the isomorphis=a
CAT[B.CATLC,A]] = CAT[C.CAT[B.A]] the F-continucus functors

F: B+ CAJIC,A] correspond te functors G: O+ CATL B,A] whose image
actually lands in F-Comp(8,A). Hence chere is a natural isomorphism
F=Comp'B [LATLC.A)) & CATLC,F-Comp(B.A)], and CAT[C,A] 4is che cotensor

product of C and A in F-Comp .

[d) Ingserters. Let F,G: A+ B be a parallel pair of l-cells in
F-Comp, for which the inserter TIns(F/G) in CAT iz J: P =+ A, with
associated I-cell w: FJ + GJ. We use the explicit description of P
given in Section 1.3(c). Let K be a category in F and T: K= P a
functor. The limit A = Mm(JT) exists, with limit-cone p: A4 = JT.
Hew F and G preserve this limic. Henee there is a unique morphism
f= lin(uT): FA + GA such that Mg (Fod = (G )f for all Ke K. The
limie of J 13 (A,f), wich limit-cona &: A(A, f) = T such that

J& =p. S0 P« F-Comp and J oreserves, and creates, all F-limits.

Again since J Is conservative, P, with J and 3, 1is the insercer

in F-Comp,

{a) Equifiers. For a pair of 2=cells g,7: F+C: A =B in F=Comp

let J: P+ A be the equifier in CAT. We consider J to be the imelusion
of a full subcategory. Let K be a category in F and T: K « P a Ffunctor.
It is sufficient to prowve that A = 1im JT lies in P in erder to prova
that 1im T exists. Now F and G preserve the limit of JT: k¥ + A,

Since oJT = oIT the two morphisms - Pl lim{cJT): FA = GA and

g, = 1im{pJT)}: FA = GA are equal, So A € P. Thus P 1ia F-complere and

A

J 4s F-continuwous. Again, since J 18 conservative, J: P+ A is the

equifier in F-Comp.
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The analogous result, with an analogouws proof, holds for F-Comp
the I=category of F=cocomplete categories, F-cocontinuous functors and

pnatural transformations.

Thegrem 2.7. For any claess F of emall categories the I-category
F<Cocomp admita all indezed limite of retrast fype. Moreover, these limits

mre preserved by the inelusion F-Cocomp -+ CAT. ]
Using these results we have:

Proposition 2.8. The Z-category Rank is loocally Cauchy complete and

Cauony oomplete.

Proof. Let F, be the clasa of small o-filtered categories and lec F

be the union of these clagses, the union being taken over all regular
cardinals . Then, by Corcllary 2.4, F<Cocomp 1s locally Cauchy complete.
Thus its full and lecally=full sub-2-category Ramk 15 also locally Cauchy

conplete,

Let A be locally g-presentable and let F: A - A be an ddempotent
endofunctor of rank 5. The functor F splits, im CAT, as R: A = B
and I: B +A. By Theorem 2.7, .E .admica a—[iltﬁréd colimics and R and
I have rank 5. There is & regular cardinal 8 2 a such that F{Au} £ AE‘
So, for & functor T: K + B whose domain is a small @-filtered category
and for A ¢ Au , Ethe canonical morphisms ecolia IT = colim FIT = F colim IT
and colim A(FA,IT=) = A(FA,colim IT) are isomorphisms. Hence, splittimg
the idempotent FF&‘? colim TT° A(FALF colim IT) -+ A(FA,F colim IT) shows
that the canonical morphism colim B(RA,T-) - B(RA,colim T) = B(RA,R colim IT)




iz an imomorphiss. Thus, 1f A « Au » then RA iz a B-presentable

ochject of B. Let 0 be the full image of A wunder R. Ewvery object

in A is an oa=-filtered colimit of a-presentable obiects. Since R is
gurjeceive and has rank a, every object in B is an a=filtered coli=ic
of objects in D. Hemce P is a strong generator of B-presentable
objects in B. By Proposition 2.5 E 4s also cocomplete, and hence locally

f=presentable. 0

Corollary 2.9. The 2-categories loc and ladj are Cauchy complete and

locally Cauchy complete.

Proof. We have Loc = Radj(Rank) and Ladf = Ladj(Rank). Hence, by
Propositions 2.2 and 2.8, the 2-category Loc is Cauchy complete and
locally Cauchy complete. The same holds for Ladf, using now a modificacion

of Proposition 2.2 for left adjoints. [J

While a-Rank is locally Cauchy complete it is not Cauchy complete.

It is, nonetheless, true that o-loe = Radf(a-Rank) is Cauchy complete.

2.3 Fhelretract-type completeness of a=-Loe

We shall use Theorem 1.25 to show cthar a-loc admits all indewed

limits of retract typa.

Proposition 2.10. The l-category a-loc {o Cauchy complete and looally

Cauchy complete.
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Proof, Since o-Ramt 4z locally Cauchy complete by Corollary 2.4, so is

a=Loc = Radf{a-Rank) .

Let F = ?2: A+ A be an ldempotent L-cell in g=Loe, which

gplits az8 R: A+B8B and I: B+ A im CAT. Then, by Theorems 2.6 and 2.7,
the category B admits all small limits and g=-filtered colimits, and the
functors I and E are continuows and have rank 5. The 2-category
Cauchy of Section 2.2 is, by Corellary 2.4, locally Cauchy complete. By
Theorem 2.6 it is Cauchy complete and admits objects of algebras, which are
formed as im CAT. So Proposition 2.2(3) fmplies that I 1is monmadic; the
category B 1s equivalent to the category of algebras for a monad wich
rank o on a locally a-presentable category, and cthus is itself locally

a-presentabla. O

Let [AL] be a set of complete and cocomplete categories whose
product has projections Fj: 11-11 - Aj. These projections are continuous
and cocontinuous. Selecting initial objects, which we dencte by O, in
each category AJ. a left adjoint Qi= Aj - TT'ﬁi ta FJ is given by

Pjﬂj = 1 and, for 1 # 1, PO, = 80. A right adjoint :Rj: .-L_,I 4TTJ.{_

i
ig given by considering terminal objects.

Proposition 2.11. The 2-category a-loc admite produsts. These products

are preserved by the inelusion a-loc + CAT.

Proof. Let !:Ai]- be a set of locally a-presentable categories. With

the notatisn used above, the projections P, are continucus and have rank

3

a. The product TT Ai ig cocomplete. Let € bé an p-présentable object

of AJ . Then {TT'Ai}(QJE.—J = AJEC,—]Fj has rank o; that is, QJC
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is an a-preésentable cbjeet of TT A.. HNew an objece B in TT-Ai is

the coproduct || QJPJIEE, and each F,(B) is an o-filtered colimit of
o o

objeces in {Ajla- Lat Mj be the set of objeces of the form Qjc,
where C ¢ iij}a' and let F be the full subcategory of ]T-Ai whose
objeces belong to the union W Hj‘ Since TT-Ai iz the closure of P

under small colimits, P 4is a strong generator made of a-presencable

objects, and so TT-Ai is locally a-presencable. If T: B - TT'Ai is

a functor whose domain is locally a-presentable, then T is continuous

and has rank o« if and omly if each P,T 18 concinuous and has rank a.
J

So TT Ai' with projections ?j: TT-#i - A is also the product in

J | ]
a=Log. 0

We can easily identify the a-presentable objects in the product
TT-Aia Taking the clogura under a-colimits of the subcategory P in the
proof abowe gives the subcategory of a-presentable objects; an object
B« TT-Ai is oa-presentable if and enly if each projection Pj[h} is
a=-presentable and fewer than a of these are not initfal ohjects.
Proposition 2.12. The i-category o-loc admnite cotemsor products ad

the tnelusion a-Log « CAT  preserpes them.

Proof. Let K be a small category and A a locally g-presentable
category. The cotensor product CAT(K,A), in CAT, is locally
g-presentable (see Gabriel and Ulmer [10]). A functor F: B = C between
locally a-présentable categories is in a=-loe 1f and only if it is

continuous and has rank a. 5o, by Theorems 2.6 and 2.7, CAT(K,A) is also

the cotensar product in a=-[oo. 0
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The corresponding results for inverters and equifiers require
different proofs. We shall reduce ches to inscances of algebras, in the
gemge of Addmek and Trakowd (1] (and che references given in thelr extensive

bibliography), and them appeal to the resulrs of Kelly [16].

Proposition 2.13. [et F,C: A+ B be a parallel pair of I-cells ina
Z-category B, such that G has a left adfeint G, — G, the cownis
being ©: GG+ 1. Then J: C+ A, with associgted I-cell u: FJ ~GJ,
{o the fmsarter Ine(FfG) if and emly 4f J: € = A, with associated

2-cell (eX)u: G FJ + J, iz Ins(G F/1).
Proof. For a l-cell K: D+ A there is a bijection
XD, BY(FE,GE) ¥ K(D,A) (G, FE,K)

sending &: FR = GK to (eK)}(C &): G FK + K; the inverse sends

T: E*IK + K toe (Gr}{nFK), where n: 1 + GG, dis the unit of che
adjunction G_ - G. Using this Bijection it is readily seen that J: C = A,
with u: FJ = GJ, has the universal property of an inserter if and only

if J, with (eN(Gu): G FJ +J, has ic. 0
Now observe that an cbject of Ins{T/l) is an object A and a map
a: TA + A, that is, an algebra for the endofunctor T in the gsense of

Eelly [16] Section 18.

Proposition 2.14. The Z-category a-Lloe adwite inserters, and they are

pregerved by the inclusion dnie CAT.




Proof. Let F,G: A~ B be a parallel pair of l-cells in a=Lloc. Thus
G, =1 G in CAT, and Ins(G,F/l}) 1is the category of algebras G, F-Alg
in the sense of Kelly. Since G F has rank a and A iz locally
a=pregentable, the associated fumcrar J: G*Fnéig + A, which takes the
underlying object of an algebra, has a left adjoint (see Kelly [16],
Proposition 14.3 and Theorem 15.6). By Theorem 2.7, J has rank a and,

gince J 1% also the l-cell asgociated with Ins(F/G), it is continucus.

If f,g: A+3B are a pair of l-cells in G F-Alg such that the
pair Jf and Jg has an absolute coequalizer, then, as in the proof of
Theorem 1.6, the pair £, in G F-Afg has a coequalizer. Moreover,

J preserves and ¢reates coequalizers of such pairs. Thus J is monadic
(the comparison functer being actually an isomorphism by the Beck monadicity

theorem) and G*P-ﬁig = Ins{F/G) 1is locally a-presencable.

Again using Theerems 2.6 and 2.7, 1f T: C = Ins(F/C) 1= a functor
such that JT is im a=loe, then T 18 im a-Lloc. 5o rhe inserter
Ins(F/G), with associated I-cell and 2-eell, exist fn o=Loo and is

formed as in CAT. (O

For the I-category o-Rank each how-category o-Rank(A,.B) admits
cosqualizers. They are formed pointwige, and so, for each l-cell
F: C - A, the functor o-Rank(F,B): a-Rank(A,B) + a=Rank(C,B) preserves

coegqualizers,

Let K be any such 2-category, so that each hem-category K({A,B)
admits coequalizers and each functor K(F,B) preserves chem. Let
0.7 F +» G: A+B be apair af 2-cells in ¥ such that Gy = G with

counit gi GG+ 1. Also, let p: 1 + T be the cosqualizer of el{G 2l

and glG,1) in K(A,A). Then




Proposition 2.15. Fora l-gell J: C=+ A& in K the following ae

equtvalent:

(1} J ia the eguifier of o eand =t.

(2} J is the equifier of (G o) and (G 7).
J 18 the imoertar of p.

{3) i

Proof. let X: D=+=A be a l-cell in K.

(1) *==(2). TUsing the adjuncticn I::* — G we hawve oK = tE if and only

if (G oK = (G, TIK.

(2)==({3). The 2-cell pE is cthe coequalizer of T and oK. 50 K

inverts @ 1f and only if it equifies ¢ and T, a

Proposition £.16. The Z-category a-Loc admifs equifiera, They are

pregerved by the inolugion a-Low =+ CAT.

Proof. For a parallel pair of 2-cells g,r: F s+ G: A <8 im g-loc

there is an adjunction G, - G, with counit ¢, in g-Rank. Thus, for the
coequalizer p: 1 + T of e(Ge) and e(G 1) in CAT(A,A) (which i=

also che coequalizer im a-Rank(A,A)), the functer. T has rank a an

p 1is epie. Thus (T,p) 15 a well-pointed endofunctor (see Kelly [16],
Seccion 5) and the inverter of p is the category of (T,p)-algebras.

From Xelly [16], Theorem 6.2, this full subcategory of A, which is also
the equifier of o amd 1 in CAT, is reflective. By Theorem 2.7 the
inclusion J: Equif{g,t) = A hae rank a. Thus J is & l=-cell in a-logc.

Since J is conservatiwe, the equifier of T and o exists in a-loa

and iz formaed as im (AT, o




Gathering together the results of this section we have

Theorem 2.17. The 2-category a-loc is retract-type complete and the

5 rd ’ 1 1T I B et I 1+ i e = F bl

fnolugton a=Loe =+ CAT preserves cli tndergd iumils of reiract Wype.
We have already seen that Loe 1s Cauchy complete. Howvewer, the

?-category Loe is che uniom, taken ower all regular cardinals a, of

the increasing sequence of sub-I-categories a-Llo¢. Hence

Theorem 2.18., The 2-category Loe admits all indexed limits of

-
ke

ype and the imclusicn Loc -+ CAT preserves them.

T
oL
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Chapter 3.. Limits in Llady

In this chapter we shall examine Imdexed limits of retract type in
Ladf. This case ia somewhat differemt Ervom chat affordad by Loc. Each
of the sub-2-categories a-Lo¢ admits indexed limits of retract Cype and
the inclusion in Loc preserves them. Howewver, for a-ladf the size of
the regular cardinal o places 4 definite restriction on the size of chose

limics which exisc and are calculated as im CAT.

Bacause o=Th, being the small cacegories in F-Comp where F is
the ser of categories of slze a, 15 pseudo-complete, and a-Th"® is
biequivalent to a-ladj, the Z2Z-category a=-Lidf admits all indexed

COOP o4

bilisirs. Moreover, ua-ladj 1is also biequivalent to (a-Loc)
hence admics indexed bicolimies. Ouwr conecerm, however, is with retract-
=type completeness, and to explore this we again appeal co the exiscence of
the basic indewed limits of retract type, namely the splitting of
idempotents, products, cotensor products, Iingserters and equifiers. Much

of the section on inserters and equifisrs is dependeant on Ulmer [2B] buc

wig include it 5o that the account is self-contalned.

The result in Section 3.5 below - that Ladj(A,8) is locally
presentable whem A and B are - is glven as an application of the results
in the main body of che chapter. It is also proved by Ulmer. We shall have

cauge to reconslder it in Chapter 5. Our other major applicarion parcially

answers a questionm of Lawvara.
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3.1 Splitting idempotents in o-Llady

By Isbell's theorem, Propositicn 2.5, the retract of a cocomplete
category is itself cocomplete. We combine this fact with some observactions
about the behavicur of a-presentable cbhjects under the splitting of

{denpotent endofunctors to establish the Cauchy completeness of a-lady.

Let A be a locally wo-presentable category and F: A+ A an
idempotent functor with rank a which preserves o-presentable objeccs.
In CAT the idempotent F splits as B: A= B and I: B+ A where I

iz an inclusion.

Proposition 3.1. The category B above fe locally a-presentable and the

Ffunotora B and I ko rank 4.

Proof. The proof follows that of Proposition 2.8, but now F{An} £ Ah' 5|

Proposition 3.2. The 2-category o-ladf 8 Couchy conplete.

Proof. Let F: A+ A be an idempotent l-cell im a-ladj which splits,
in CAT, as BR: A~E and I: B+ A. Then R and I are cocontinuous.
The full image B' of Aﬂ under B is contained in Eﬂ, as shown in the
proof of Proposition 2.8. But B' is c¢losed in B under a-colimits,
gince A“ iz closed in A under a-colimirs and 1 preserves a-colimies.
Hence R and I preserve o-presentable objects and che splitting occurs

in a ~-Lady. a




3,2  Products and cotensor products in a-Lady

We have already seen in Section 2.3 that if the categories Ai are
locally a-presencable chen the product TT Ai iz alsoc locally
a-presentable. The projection Fj: Ti A, + Aj has boch a left and a right
adjoint. The right adjoint Rj: iJ - TT-Ai iz not only continuous but

preserves all filtered colimits (indeed the colimit of any fumctor whose

domain is connected). 5o the projections are functers in o-Llady.

Recall from Sectiom 2.3 that an cbject o g TT'Aj is a-presentable
if and only if each projection Fj{cl is a=presentable and fewer than o
of these are not fnitial cbjects. Thus, 1f M,: 8+ A is a ser of functors
in a-Lladf, and if the product hae @ or mwore components, then the

resulting functor M: B = ] A, need not preserve a-presentable chiects.

So TT ii need not be the product im a-ladj. But

Proposition 3.3. The Z-category a-ladj adwits all products with fewer
than a ocomponents. These products are preserved by the inclusion into

CAT.

Proof. In this case the resultant functor M above does preserve

-_._-.pf.'_asem:;]hla u'bje-:l;s, and is cocontinuous. 0

The situation with cotensor products is similar. Whenewer K is a
small category and B is locally a-presentable the functor category
[K,B] 1s locally a-presentable. To ensure that this is che cotemsor

product, not just im CAT but alse in a-ladj, we impose the rescrictlon

that K be an a-CATBZOrY.
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For each K € K the evaluation fumctor ':".vx: [K,B] + B has a right

adjoine Mt B + [K,B] such that {HK_EE]JZ-:' « 1T K(K' K B and a left
adjoine 1'1(: B + [K,B] such that {T..K{E".I}IK' = E{E,K").B is cthe coprodust,

indexed by the set K(K,E'"), of coples of B,

Lemma J3.4. Let B bPe a locally a-presentable categery emd K o

a=ggtegery. If F: K=+ B factorizes through the tnolusion Bc: + B then

F tg an ac-presentable object of [K,E].

Froof. Since each F(K) is a=-presentable, and colimits im [K,B] are
evaluated pointwise, each generalized represencable K{E',-).F(E) is

a-preéesentable. New F, as the guotient in

[m:. K(K,E").K(K',-).FK I [ K(K,-).FE - F,

is the a-colimit of such functors, K being an a-catepgory. Thus F too

iz a=-presentable. O

Proposition 3.5. Let B be a locally a-presemtable oategory and K

a-category. Then [K,B] 1is the cotensor product in o-Lady.

Proof. Let A be a locally a-presentable category. Lec l{}l"1 be the

cooposite o-Ladi(A,[K,B1)+ .CATCALLK,B]] = CATCK.CAJCA.B1] and 3"

-

the composite CATLK,a-Lladj(A, B)] + CATLK,CAJLA,BJ] = CATCA,L[K,B1]. It
iz sufficient to prove that if T ¢ a-Lladj{A.[K,B]) then its image Tl:r
is actually in CAT(K,a-Ladi(A,B)], and if N ¢ CATLK,a=Lladi(A,B)) chen

its fmage N 1ies in go-ladf(A,[K,B1).

Consider T imn a-ladf(A.[K.B]) with T - 5: [K,B] + A, tha right

adjoint 5 having rank =. Products of aize a (rhat is, wich fewer than
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a factors) commute with o=fileered colimits. Se, for each K « K, cthe

functor HK has ramk a. Thus each Euncter SHK has rank o. Moreover

=

BE(T (K})A,B) B(Ev, (TA) ,B)

13

[K,BI(TA, M, (B))

AGA,24,03)

¥
that is TEEK} %-SH? . Hence, T (K} ¢ e=ladj(A.B) for each ¥ ¢ K and

TI'I ¢ CAT[K,a-Lladj(A,B)] as required.

consider ¥ « C.-'LT[J:,.:;—L.:::!I,'{A.E}]1 Frem Proposicion 1.7 the functor
Wi A= [K,B] is cocontimuous. Alse, Lf A e A, then
(F (A)}(X) = (N())(A) € B, and hence, from Lemma 3.4, 8*(A) is an

a-presentable object of [K,Bl. Se N preserves a-presentable objects

and is in o-ladj(A,[K,B]}), as required. 1

1.3 Inserters and equifiers in a-Ladj

We have seen already that che size of = has an Impact on the size
of products and cotensor products which exist in a-ladf and are calculated
as im CAT. This is also true for inserters and equifiera, but for a
different reason — these limits are finite whereas products and cotemsor
products can be arbitrarily large. For a an vncountable régular cardinal,
resulcs parallel to these for a-loe hold, masely that ingervers and
equifiers exist in a-ladf and that they are comstructed as in CAT. Thia
{g mot true, ag we shall see, for a = Eﬂ. For the immediate sequel we

assume that a 1s uncouncable.
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We deal firet with the case of the equifier. Consider a parallel
palr of 2-cells p,0: F+G: A +B in o-ladyf, and let J: P+ A be
the equifier of chis pair im CAT. 5S¢ P may be considered as a full
subcategory of A. ‘From Theorem 2.7 the category F is cocomplete and J
is cocontinuous. Let P' be the full subcategory of F  formed from those

objects F such that JP is o-presentable Iin A.

Lerma 3.6, If peP' them Pe F_ .

Proof. Assume P« P'. Then P(P,-} = A(JP,-}J: P =+ Sgt has rank o. [

The following lemma Is in Ulmer [28]. Remember that @ i uncountable.
Lenma 3.7. If £: A+ J) fs amurphismeof A sush that Ae A, od
Qe P, then there 18 Pe P', ond morphisms s: A=+ JP end t: JP + JQ,

such that f = ts.

Proof. We trear P asz a full subcategory of A. Thus % " Pq- he

object Q dis the a-filtered colimit of the canmonical fumetor T: A /Q = A.

50 GO} = colim GT. How G[f:l-:l‘." = uuf{f} = DQ

ig a-presentable there iz an a-presentable ebject A

F(£) = G[f]pﬂ'- Simce FA
| and morphisms
8,1 A= Al dnd fl: ""1 + (, such that f = flst and -:jiljx.ifn:ll’I - ﬂ(ﬂl}ln&.
Replacing f by f1 we obtainm an o-presentable object Ay and morphisms
8,0 Al - “2 and f?: AE + 0 such that fl - fqmz and

5{52]!:}.] - {:{52}:AL . We may continue in this mamner to obtain, for each

I“'I.: Ai - Jl||i+1

and G(E{+L:l'$a'.i = L:{ah_]].n.;. .

{ < w, an a-presentable sbjece a‘+l and morphisms s

and :i.+1: :'I.i+] = } auch that fi = I;i.+151.+1

56t p = colim A, . Then
1<

i




e] = goplim L-::-;.i_'_];uuai:. =

P 1 <u P

and P is a-presentable, being the countable colimit of a=-presentable

objects. |

Corollary 3.8. The subcategory P' {a demge in P.

Proof. For Q¢ P che inclusion P'/o = .-E.J.Fq iz cofinal by the above
lesma. Hence § is the a-filtered colimic of P'/Q = F. 5o, using the
theorem on density in Chapter 0 and Lemma 3.6, the subcategory P' is

dense. ]

Proposition 3.9. The 2-category a-ladf adwits equifiers and the tnolusion

a-Ladi + CAT preserves them.

Froof. From the above, the subcategory P' 15 a dense subcategory of P
consisting of a-presentable objects. The category P is thus locally
o-présentable since it is cocomplete. Simce J preserves colimits and ""ca
is clesed under a-colimits, the subcategory F' of P is closed under

g—colimics, implying that F'u = P'., Thug J: P+ A isa l-eell in n-.'_.::_fj.

It T: B+ F is a fumctor swch that JT 1is im a=lady them T is
coconeimous. For B « .E__: we have J(T(B}) ¢ A,, oo that TB ¢ P" = p .
e |

Thus T also preserves a-presentable objects.

§0 J: P+ A 1s the equifier in z=Ladj . O

The arguments need be only slightly modified for the insercer. Let

F,G: A + B be a parallel pair of l-cells in a-Lgdi with J: P+ A and

i Bl + @] giviog the insercer in CAT. Again P' denotes the full
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subcategory of P given by objects P such that JP ¢ A + The category
L]

P is cocomplete and J is cocontinuous,

Lemma 2.10. If P, P' them P e Py

Proof. For objects € and D of P with JC= A, JD =B,

up? FB - GB the hom-set F(C,D) i3 the equalizer

of E{l.b}l-‘A g and E{a,l}cﬂ B A(A,B) + B(FA,GB). Thus, since A(JP,-),

4=y FA+«GA and b =
G

B(FIP,-) and ¢ have rank o, and g-filtered colimies commute wich

equalizers in 3gf, the representable functor F{P,=): P + Saf has

rank a. 0
The following lemma also appears in Ulmer [28].

Lemma 3.11. If £: A+ J9 is a morphism of A such that A . .d._“ amd
Qe P then there i@ P ¢ P' and morphisme e: A+ JP aid t: P - Qs

Such that £ = JI(t)r.

Proof. The objects of the inserter P may be considered as ordered pairs

R= (C,c) where €= JB and =c: FC+GC. Say B = J0 and

-

b= uq: FB + GB. Now B 1s the a-filtered colimir of T: Ania - A,

i=plying GL = colim 6T i1s an a=filtered colimie,. Thus bF(f): FA - GB
faceorizes as G{fi]{l where Al is a-presentable and €yt FA = Gat

and II: al + B are morphisms. Moreover, we may assume cthat there is 8y

such chat flal = f. Continuing this process, and seteing f = fn and

A = Aye W obtain g-presentable objects A+ and morphisas

Byppt FAg = GA, ., Si417 Ay + Ay, and £y A; + B, such that

fi = Eiila£+L and th£+ljti+l = bF[Ei]. et D w oolim Ai and

.'i.i:u_l




£ = golim £ : FD = GD. This gives an object P = (D) of F. Since

each A, 1is a=-presentable so Is the a-colimit D; chae i Pe P'.

The morphism &: D+ B, gilven by the morphisms :'1: A, = B, 1is of the

form J(t) Ffor a unigque €: P~ ), and ©: A+ JP =D 43 given by the

morphisms s,: Ay + Ay, - O

Corollary 3.12. The subcategory P' £a derse in P.

Proaf. For Qe P with JJ = B cthe fumctor P'/Q = .-'l_l.-'E induced by J
iz cofinal by Léemma 3.11. Since J preserves and creates colimits @ is
the a=filtered colimit of P"/Q -+ P. S0, using the results of Chapter 0

and Lemma 3.10, che subcategory P' iz dense.
Uzing the same proof as that given for Propositiom 3.9 yields

Froposition 3.13. The ZI-category a-Lad; adwits tnserters and the
Al

tnclugion a=-ladj +~CAT preserves them. O

Whenm o = N . Lemma 3.6 and Lemma 3.10 still hold, but Lemma 3.7
and Lemma 3.11, and their corellaries, do not. As a counterexaspls
consider the insercér of F = l: S5¢f - St and G = -« 2: Sef - Spf, the
functor which assigns to each set B the disjolnt undom B || B of two
copies of B. Thus objects of the inserter F are pairs (A,f) where
AgSet and f: A<« A || A, A morphism h: (A,f) + (B,g) is a morphism

h: A « B such that gh = (h || h){f.

From Fropositi

=]

n 3.13 the category P is locally ?"‘-L—pr-:-.ﬂ.-:r.u':.-].u.

It is, im facc, locally finicely presentable. Associated with any object
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{A,f} dis the endogorphisa f+: A+ A formed by composing f£: A = & J___ A
and the codiagonal 4: A || A+ 4. Any endomorphism t: €+ C and any
object ¢ ¢ C generate a set Cfe,t) = {c,:{c},tzcc},..,} of images of
& under iterates of t©. An object LA £} of P is Finitely presentable

+ )
if and only if A = & A{ai.f ) whera inl....,an: is a finite subset
i=] %

of A. The objects of the form (Di,t), themap t°: M+ m being the
successor-function, are thus finitely presemtsble., Let N be the full

subcategory of these objecrs. For any object (A,f) ¢ P and any element
4 ¢« A there is a unique object (M,t) ¢ N and 2 unique morphism

h: (m,e) = (AE) such that h(0) = a. S0 N 1z a strong generator of

finitely presentable objects.

The functor J: P + Sef does not preserve finirely presentable
objecta; the category P, with the associated 1-cell and 2-cell, is not

the ingserter in ?"'-n-—m:IL

3.4 The retract-type completeness of Lady
Using Theorém 1.25 we may combine the results of the previous sections.

Proposition 3.14. Let @ be ot wieowmtable cardinal,  Then the E=pategory

a~ladf adnite all indexed limits of retract type of size a. The inclusion

into CAT preserves these limite. [J
The union, in CAT, of the sub-d-categories np-Lladf is Llady. 5Seo

Theorem 3.15. fThe Z-oategory ladf ig retract-type ocomplete and the

inglusion a-ladj + CAT preservee indered limits ef ratrast tupe. =




3.5 Some applications

In Chapter 5 we shall consider a symmetric monoidal closed sCructure
on ladj. The internal hom is given by Ladj(A B); the category Ladj(A,B)

is locally presentable 1f A4 and B are.

1f ¥ and B are a-cocomplete categoriea, with K small, then
a<Coegmp (K,B) 1s che full subcacegory of [K,B] whose objects are those

funckors preserving a-colimits.

Proposition 3.16. fEelly [17], Theorem 5.58). If B 1is cocomplete od

A fa looally a-presentable then

Ladj (A,B) = u—fm:u:‘mp(-ﬁ.ﬂ.ﬁ)- O

Thus to show that Ladi(A.B) is locally presentable when A and
B are it is sufficient to prove that g-Cocomp(K.8) 1is locally presentable
for any amall a=-cocomplete category K and any locally-presentable

category B. The class of (lsomorphism classes of) functors H,: Ki « K,

vhere .In:i is an oa-category, is in facec a sec. For each such r{i; I':i K

let 51 and Ti: [K,B] + B be the obvious functors such that

5 and lat : 8, = T, be the

{F) = colim l.-':-!i and TLI.'F‘J = F colia M g By i

()

4 ]

natural transformacion such tchar n i]_; colim FH[ = F gcolim Hi ig che

canonical comparison morphism. Thae functors 5¢ and T, are cocontinuous,

and hence in [adf. The caregory a-Cocomp(K,B) 1s the joint inverter
of the 2-zcells fy o+ S50, by Theorem 3.15,

Proposition 3.17. If K Zig & small a-cocerplets category and B is

o

. o e .
locally pregentable then a=

€3

cemplK,B) 2z loeally presemtable. L]
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Corollary 3.18. If A ammd B are locally presentable then Ladf{A,B)

tg alge locally presentable. O

Lawvere, in this study of duality, has raised che followinmg gquestion:
Let (A,J) be a topelogy and £ the category of sheaves om (A,J). 50
the inclusion I: E =+ [A°P Set] has a lefr-exact left adjoint L —iI and
the reflection is n: 1 + IL: [AnP.SEi] - [ADP.Stil. The category F is
the full subcategory of [A,5¢f] consisting of those functors F: A =+ Sef

P

such that F # n.: Fw G+ F » ILC 1is an Lsomorphism for all G: A°P + Set.

G
{Recall that F » G is the indexed colimit; see Kelly (171, p.73).
Obviously F is cocomplete and the inclusdon is cocontinuous. Is F a

coreflective subcategory?

The answer 1s affirmatcive.

Preopostion 3.19. In the situation above F {a looglly presentable, ad

kemce a coreflective subcategory of [A,S5ef].

Proof, It is well-known thar a Grothendieck topos is locally presentable;
a bound for the presentation rank may be given in terms of the size of a
suitable topology. Because ] is a pight adjoinr, chere is a regular

cardinal n such chat E is la.n:u.:l.!.:,r a=presentable and I has rank @,

Indexed colimits are coconcinuous in each variable, and TIL Thas

rank a. Thus, since every object inm [ GP.Sgil is the o=filteéered colimit

of g-presentable objects, the morphisa F » A iz imvereible for each

Ge [A7,Set] if and only 4f F = n, s invertible for each a-presentable

cbiect H: AP =+ Set. For each such dbject H let SH = —n H: [A,Sef] = 5oL

and T, = —& ILH: [A,5ed] + Sel, and lec Ty ™ =% M EH - TH . The

i




functors 5. and T, are cocontinuous and hemce in Lladj. The

F 1s the joint invercer of the ser of 2-cells {1,} and hence

inclusion F =+ {A,5¢t] 1is im |'_.;ti_1'_1.. 1

The deepeér question of thurnctcri:ing such subcategories

to the avther's knowledge, still open.

A
&
-t

the

[
(]

3=13

is,




Chapter 4. Purity and Targe limits

We have already seen that [odf admits all small indexed limice
of retract type, and that these limicts are formed as in (AT. The same is
true of cercalin importamt large limits. OQur proof that these large lisics,
when Formed in CAT, are in fact locally presentable categories uses the

concept of purity.

Such regults were , in effecec, given in an unpublished manuscript
by Ulmer [27], but we use a different notion of purity due ro Fakir [8] co
give simpler proofs more in accord with the classical notions of purity.

These proofs suggest a more general theory of pure monomorphisms.

One application, also given by Ulmer, iz co the coconcinuous

analogue of the resulets im Freyd and Kelly [9].

4.1. Basic and pure monomorphisms

Throughout this chapter a 15 a fixed reégular cardinal and A is
¢ locally o-presentable category. Thus the functor categery [2,41, whose
objects may be construed as morphiems of A, s alse locally a-presentable;
itsg a=-presentable ohjects are che morphisms £: A+ B of A for which

beth A and B are Aa-presentable,
The category Mongo(d) iz the full subcategory of [2,A] wvhese

objects are the sonomorphisms of A,

Proposition 4.1. The imeclusion T: Momo(A) =~ [2,A] has a left adjoint

5: [2,A] = Mono(A). Merecver T hag reth o, and 80 MomolA) is locally

a=pregentable.




Proof., A morphism f: A=+B of A admics a facrorizacion f = f'e, where

¢ 1ig a strong epimorphism and £ 13 a monomorphisa. Thisz factopizatien

gives che reflecetion 35: [2,A] = Moro(A) such thac 5(f) = £'.

Since o-filtered colisics im A commute with finite limics, it is
obvicus that Mone(A) admits a=filtered colimits and that T preserves
them. Hence Monofd) 1s a full refleceive subcategory of a locally
a-présentable category, the faclusion having rank a. 5o Momo(A) 4z itself

loecally a-presentable. 0

We can readily idemeity the a-préesentable objects of Mono(A). A
sonocmorphiss m: A+ B of A is bagsic If A is a-generated and B is

a=presentable.

Proposition 4.2. A monoworphiem m: A+ B of A ig an a-presentable

object of Monmo(A) {If and omiy <if it is basie.

=

Proof. Let £: C+ B be an a-presentable object of [2,4]. Then
S{f): A+ B is a monomorphism such that B is a-présentable and A 1=

the quotient of an 2-presentable object, that is, A is a-generaced.

Bow let m: A+ B be a basle monomorphism. Then there is an
a-presentable object C€ and & strong epimorphism e: C+ A, Thus = = 5ime)

is the image, under 5, of an a=-presentable object of [2,A].

50 che basic monemorphisms, congtituting the izage of the
a=-presentable objects of [2,A] under 5, form a strong generator of

Mong{A) consisting of o-presentable objects. To prove that every

a-presencable object of Mono(A) 1is a basic monomorphism of A ir is




sufficient to establigh that che basic moncmorphisms are closed under

g=colimics inm Momo(A).

Let &k be a category of size a, and lec L: K + Mono(A) be a
functor such that L(K) 4s a basic monomorphisa for each object K of K.
Sinmes the eolimit €: X+ ¥ of the composite TL: K + [2,A7 is Eormed
polntwise, and since both the g-generated objects and the a-presentable
objects of A are closed under g-colimits, X is an a=generated object
of A anmd ¥ 45 an a-presentable object. The a=generated objecks of
A are alse closed under caking quotient objects. S0 colim L = s{c) is

4 basic monomorphism.

Since every object in a locally a-presentable object is am

g=filtered colimit of a-presencable objects we have

Corollary 4.3. Every momomorphism in A is an o-filtered colimit of

basis mememorphisma, O

These colimits may be considered in Mono(A) or [2.,A], for che

functor T preserves and reflects a-filtered coligits.

An alternative proof of the corollary may be founded in Fakir [a],

from whence he establishes Proposition 4.2,

When a is w, amd A is the category Girp of groups, the basic
moncmorphisms are readily fdenciffed by the well-known theorem of Higman,

Weumann and Neumann; a finltely-generated group is the domain of a bagic

monoworphism L and only If it ia racursively presentable.




A pure momomorohiss, called "un morphisme a-algébriqueaent clos"

by Fakir [B], is & monomorphism n: C +D of A such that for every

commutative diagrag

A = - B
| |
il g
C 2 D ;

where = 15 a basic sonomorphism, there is a morphism h: B + € for which
E=m. Hhen 2o 15 Hﬂ and A is the category of algebras for a
one-gorted finitary algebraic theory, chen this netion of purity coincides
with the clagsical notion given in eéquational terms by Cohn [4] (see Fakir
[B] for details). To prove another useful characterizacion af pure

wononorphisms we firsc establish

Llemma 4.48. (Fakir [81).

[L) Every coretraction in A 4 4 pioe monomorphiem.

(2 An  a=filtered colimit of pure momomorphisms t8 i{tself a pure

L

momome FoRLEm,

Proof, (1) Let n: A+B and p: B+ A be morphisms in 4 such that

be a commutative diagram. Then f = pnf = (pgim.




(2} Let the o n: A+ E be the ag=filtered colimit of pure
oOnOmoTp n,: A, =+ B, ; with coprojectiona givenm by the comsuctative

diagrams

o

i
or

be a commutative diagram, where m ia a basic monomorphism. Since m is
an a=prasentable object of Mono(A), and since n 1% an a=filtered

colimit, there is an 1 and a commutative diagram

)
L]
=

¥ 4
i —
i | n, =1
gsuch thar a . £' = f and b, g" = g, How n is pure, and so there iz a
morphisa h': O - &l such that h'm = £', Hence £ = (Jin’ .

g o in  a-filten alimit of coretraotions.
Proof. From Lemma 4.4 avery a-filtered colimir of coretraceions in A  is

PUre.




Gub

let £: A+ E be a pure monomorphism. Then, from Corollary 4.3,

Wit

f 1s the eg-filcered colimit of basic monomorphisss n,t "'i = By

coprojections

1
4«
+

Since f is pure there are morphisms h, : Bi + A pguch that h.n, = a .

For each 1, let

n
i
Ai Bi
a, !Si
} }
A * D
EI i
be a pushout. So there is, for each 1, a unique morphiss g Dy - A

such that t,f, = 1 and t.,g, = h,. Taking the colimit of the pushout
diagrans above, and recalling that colimits commute with colimits, we see
that f is the a-filtered.colimit of the coretractions E:i. .

Corollary 4.6. 4 flowtor T: A + B with rank o, between locally

e-pregentable categories A aid B, preserves pure moncmorphisms.

Proof. Every functor preserves coretractions. Se T preserves

g=filtered colimits of coretraccions.

Host notions of purity are used with two principal resulets in

mind. First, any subobject ia contained in a pure subochiect which is,




in some sense, not too much bigger (for instance, with regard re che
gize of the underlying set or with regard to the presentation ramnk).
second, for a certain class of properties (for instance, being a diviaible
module) 1f B has these properties and 1f m: A4 + B 13 a pure subobject

then #& has these properties. Our iantencions are no different.

Firsc, we need a technical result. As throughout this chapter,

A is a locally a-presentable categery. For each cbject A of A let
||*|i e ZG :""":ﬂ:"l'}l [

where the sum is taken cver representatives € of the fsomorphism classes

+*
af :-p[uscnl:..:l.h'l.r_' objects in A. Lerc T denote the successor cardinal

of the cardinal 7; infinite successor cardinals are always regular.

Lemma 4.7. (Gabriel and Ulmer [10], Theorem 9.3). [et B2 o bea
regular cardinzl. An object A of the locally o-pregentable osatagory A

is B=genaprated Lf od only LFf thare 18 a atrong

5
e =

eptmorphism g: L G, + A,

where each Gy t# a-presentable oid there are fewer than . B swmands.

Proposition 4.8. (Gabriel and Ulmer [10]). Zat v 2z a be o cardinal

5 i + . +
such that (2" » |B] for each a-generated object B. Set & = (2V).

-,

llowing are equivalent:

o

Then, for each cbject A of A,- the f

(1) |a| = &.

(2} A 18 E-presentable

(3} A fg f-gengrated.

Froof. 1) = (2). Assume (l). Consider the ocbjeccs h: G+ 4 of
Aglh. There are (A (isomorphism classes of) such objects. Between any

two such objecta there are fewer than 4§ morphisms, since

-



& » |G L IAI:_G,GH}, for each object ha: Gh + A of r’tﬂr'a"u Thus the

hl g -

colimit A of the canonical functor Amfh + A iz a f=colimic of

a~-presentable objects and thus d&-presentable.

{2) = (1). This implication ig trivial.

{3) = {1). Assume (3). Then, by Proposicion 4.7, cthere is a strong

epimorphise q: I . G, + A, where |&] = & and each G, is p-presentable.

For each subser J < K, with {J] =8, the composite morphism
e 4 factorizes as

G where e.3 G, = ﬁj

' o R A it

is a strong epimorphism and m,: A, + 4 is a monomorphism. The set of

i i chJ G: * B Gk

such subsers J, ordered by inclusion, 15 e-filtered. Considering

colimics over this pre-ordered set, we see that the strong epimeorphisa g

iz che composite (colim mJ}Lculim EJ}. But colim eyt G = colim EJ =

colim AJ is a strong e¢pimorphism and colim @y colis AJ + A, baeing the

d=filtered colimit of monomorphisms, 15 4 sonomorphism. Hence

A ¥ colim AJ. Hote that each object &J iz a=-generated, and that there
Y

o
are ot most {2?} = 2" guch objects. 5o

|a] = Eq |ACG, A) |
i 7 |A{G,colim hJJ|

= I, |eolim A(G,AL)|
gince each G is a-presentable,

£ I.F% |A{E,A;}_

G =]
= Iy E. [A(GAL)
- I |ﬁJ|
= (2N2N
£ & &




of

]
(2]

_-'l_]'_ < {2y = & for each of the a-generated objects A,

Since the sets of a-presentable objects and a-genarated objeccs

are small, the sec of (iscmorphism classes of} basic monomorphisms

is small.

T k] o =1 r T3 gk s Ty, T e
Proposition 4.9. Let the locally a-presentable category A Dbe given.
= T R i T £ R s T4 ey T 1 E T
For gréry reguLdy OamIinds a tRere 8 4 'NguLar Sarsindée L Fucn RET
R o - | ]

LA RETD

{2 5]

and for which every &-generated object is

i

por m: A+B {2 a subobjfect of B in A, with A «

-pragentable object, there 18 a pure subobfect m': A' =+ B, oontaining

5 1 r 3 b 3 o5 ko iy, B o > [T] . b1
LtER A a =] —:.'.,'“]“i'_.,_.-;."l'"....:’.:!--.q." apJecy af A Homeotelr, WA Jre

T . - F T o’ e T 4 £ = 5 AFs & 5 P . - s, 1 z
prily large regular cardinals § for whioh we moy tase 5" = §

Proof. For anv subobject m: A = B, consider those pairs r,s of

marphisms

with

rg e

| SR

& basie, for whieh mr factorizes threugh s, say as h_ s.

Lot the colimit of chis small diagram, as r and s wvary, be glven by

¥ - P
=
- rs
w | | §

ES
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Then there is a morphism hi X + B with hi == and bj = L

Mow h = me, where e: X +A 43 a strong epimorphism and m: A + B
is a monomorphism. The composite morphisma el o are equal, and we denote
their common value by m : A = A&. Thus, for every pair r,s3 as above,

we have a morphism t: F__ = A such that £s = m f.

Observe that A 4is a strong-epimorphic quotient of A + I EFES'

and that the number of summands in che coproduct Er EFrs ia bounded
§

when the presentation rank 8 of A {3 known. Thus the presentation

rank of A& does not exceed some B depending only on .

- - -
Put ﬁg = nl. Al = A, L and m = "ﬂ,l '

Proceeding by transfinice induction we comstruct subobjects ni: &i + B,

indexed by the ordinals 1 < a, and morphisms + A indexed

=i.j= Ai G

by the pairs of ordinals 1 £ j £ o, &wch thac mﬂmi 3 = mi for

= A and m =m , and AT = “acf*a sl

l:'
i£j<a; here AT+1 g e W

ig a limit ordinal.

Sec A' = A& and @' = m It ia elear that the presentation
rank of A' does not exceed some £' depending only on g. We claim
that a: nu + B 1B pure. HNoce thac m : aﬂ + B is mot merely the union
of the subsbjectcs ™ Aﬁ « B, £ < a, but is alans tha g=-filcered
colimit of the diagram {hi.midj; for g-filtered colimiec comsute with

finite limits, and hence preserve monosmorphisms. Let




E~
I

=

e

ba a commutative diagram where 8 13 a basie sonomorphism. Since E

i3 g=generated che sorphisa ¥ factorizes as T = m £ for some
(ST Y

p < a and some morphism t: E + Aﬂ. From che construction of a1+=
a+l

there iz a morphism q: F = Ap+l such that qs = m and hance

£
pa.ptl™"

(m

E"=3 E=m |:|+'1p

m E = 8. BSa i ¢ a5 required.
B gt g*l,a oo+l uq} L e 1

Let o be a regular cardinal such that every g-generated object
is a-presentable. Replacing a by a, so that A is temporarily
considered as a locally a-presentable category, there is an arbirrarily
large regular cardinal & > a such that the three condicions of
Propesition 4.8 (with o replacing o) are equivalent. Thus, for any
f=-presentable object A and any ;—prcscnt;hlc object E, we have
|[A(E,A)Y| « &. In addieion, let 5§ be sufficliently large 2o that chere are
fewer than § (isomorphism classes of) basic monomorphisms. Thus, if A
is g=presentable, the pairs r,s abowve are fewer thanm & in number.
S0 the colimit defining X 1s a §-colimit. Hemce X 1is &-presentabla
and its strong=epimorphic gquotient A is d-generated, and hence is
itself §-presentable, For each limit ordimal 1 5 a, the object A,
is a scrong-eipmorphic quotient of the S-eolimic I A, . Thus aach

J=1 7§
&i = in particular A" = A = i3 {-presencable. 0O

o ]
Recall that an object A of che locally ao-presentable category
A 1s the ag-filcered colimit of ite a-generated subobjeces. Recall also
that any cocomtinuous functer between locally-presentable cacegories has

a right adjoint.

Theorem 4.10. L2t A 2e a locally a-presentable category ad B &

full subeategory closed wider volimite and pure subocbjectas. Then B i3




locally presentable, and henece a sovefleative subsategory.

Proof. Let & > a be a regular cardinal such that we may take &' = &
in Proposition 4.9, and such that every &-generated cbject of A is
f-presentable. Since the full subcategories of é-presentable and
i-generated objects coincide, any object A of A is the S-filcered
colimit of the cancnical functer §,: Hﬂn{kﬁfh} + A, vhere Mon(A./A)

ig cthe full subcategory of Aﬁfﬁ whose objects C© = A are conomorphisms
in A. Since we may take &' = &, Froposictiom 4.9 ensures that che
inclusion ?f Fuﬂ&“ﬂﬁ{ﬁﬁjﬂ} 4-hhn{k£ﬁa}. of the full subecategory whose
objects are the pure moncmorphisms, is a final functer. Thus

A= colim § -:&limfﬁh‘fﬁ}l. If A4 isin B rthen, simce 5 is closed

A
under pure subobjects, the functor 5,T, takes its values in B. Hence

the cbjects in B n B, give a stromg gemerator for E.

How B n Aﬁ e Eg , For colimirs in B are formed as in A.
Henmce & 45 locally d-preseamtable, and the inclusion B+A has a

right adjoint.
In facr the inclusion preserves &-présentable objects. O

1f 5o desired, an explicic bound, in terms of A, may be glven

for the presentation’ rank of such subcategories 3-_

Femark 4.11. Recall chact we have been congidering im this Sectiom &.1

a locally a-presentable category A. Such an A 1s loeally E-presentable
for each regular cardinal £ z a. Hore, howewver, thart the notion of basie
sonoporphism, and hence that of pure monomorphisz, depends wpon o

Since every o-basic moncmorphism is E-basic, so every @=pure momomorphism




=
I

(=

Lt

is a-pure; but a moacmorphism that is d-pure for all regular cardinals

8 o musc, since it 18 f-basic for some such 8, be a coretraction.

4.2 Some large limits in  Ladj

The results in Chapters 2 and 3 were concerned only with small
limics in Loe on ladf. Using Theorem 4.10 we may establish the

exiscence of certain large limits,

In CAT, the joint inverter of a family of natural transformations

4 Ei * Gy A = E1 is the full subcacegory of A consisting of those

objects A such thar each {-:ri}A ig imnvertible. We have seen chat Lf

g

the family iz a small set, and 1if each o is in Lladf, chen the joinc

i
inverter is in ladj. This is true for a large set also - provided each
oy is in a-ladj, for some fixed regular cardinal a, and the

components of the natural transformations are strong epimorphisms. First

récall that:

Lemma 4.12. A cocomtinmuous fimotor betueen loocally-presentable categorics

preserves sircng epimorphisma.

Proof, Bighe adjoint fumcters preserve soncmorphisms, and so any lefe
adjoint functor preserves strong epimorphisms. But any cocontinuous
functor between locally-presentable categories is a left adjeint. [

We can now prove

Theorem 4.13. Lot G F, + Gt A+ Ei be a family of natural

~d
[ %]

ol ly=-presantabla categorias

trang formations in  Ladf such that the I




hm14

A, B, are all locally a-presentable for some regular cardinal a,
and guch that each compornent (o), F,A+G A i a strong epimorphiam,
Then Ladj admits the joint imverter of this fomily, which {s formed as

in CAT,

Proof. Lec J: P+ A be the joint inverter in CAT of the family of
natural transformatioms. Then, by Theorem 2.7, P is cocomplete and J
is cocontimucus. We claim that P is closed under pure (thar iz, a-pure)

subobjeces.

If m: A+B i= a pure¢ monomorphism in A, then, by Corollary &.6,
Fi{ﬂ& and G,{m) are momomorphisms. If, moreover, B 1is an object of
the subcategory P, chen each component (ci}a is an fsomorphism. Thus
Eai}A is a menomorphism, since GL{"}(SLJn = [qi}aci(m}, But {ﬁi}h

ig also a strong epimorphism, and hence an isomorphism, so that 4 ¢ P.

Thus, by Theorem 4.10, the category P is locally presentable.

If T: C~ P is a functor such that JT is in Lladj then T
is cocontinucus, and so im Lladj. Thus the locally-presentable category

P, with che functor J: P + A, is the joint inverter in Ladf. 0O

Remark 4.14. (1} Clearly the hypothesis of Theorem &4.13 may be
weakened to the requirement that all but a small set of the narwral

transformations are, componentwise, strong epimorphisms.

(2} Kote that, even if the functors Fiv Gy are in a-ladj, the

colimit P does mot, in general, lie in a=lady.

A similar proposition holds for joint equifiers.




Proposition 4.15. Let o0t F + G A= B, bea family o
2-oelle in ladf such that the locally-presentable categories A, B

are ali lecally a-presentable for some régular cardingl o. Then the

Z-category lady admits the joint equifier of this family, and it {a

pragerved by the inelusicom Lady -+ CAT,

Proof. For each A ¢ A let {T1}ﬁ= GiA = H A be the coequalizer of

(0,0, and (p,),.

functor Hi: A= Ei a0 that L is a natural eransformation. Since

Then there iz a unique way of excending HL Eo a

F and Gi are cocontinvous so 15 H, .

i i

The joint equifier of the pairs [ui,pij iz pgiven by the joint
ipverter of the natural transformations Ty + Hence we may apply

Theorem 4.13 to obtain the desirsd resole. ]

Alcernatively, a proof of this proposition could ba given by
verifying directly that the subcategory of A which i3 the joint equifier

in CAT 1is closed under pure subobjecca.

4.3 Categories of cocontinuous functors

The main application of the resulcs so far established in this
chapter is to categories of cocontinuwous functors. As mentioned above,
') )

although Froposition 4,16 and Theorem 4,13 have already been proved by

Ulmer [27], our proofs use a different, and simpler, notion of purity.

Let A, B and C be locally-presentable categories, and let

p E W H C be a funceor which 1is cocantinuows in each wvariable -

that is, one for which each T(B,-) and T(-,A) 1is a left adjoint.
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For a family I of smerphisms o: K~ ¥, inm B, 1let AE be the full
subcategory of A whose obijects A are those for which each Tia,A)

iz an igsomorphism. Thesn

Proposition 4.16. I the set of isomorphism classes of the codomaing

¥ to amall then A ie locally presentable,

Proof. Lex e %, + 2, and m,¢ £, =¥, give the factorizacion of
a: In - Yﬂ into & stroang epismorphism and a monomorphism. Since B  is
wellpowered the family of monoaorphisns a8, is a small set. Because
T{-,A} 1s a lefr adjoint, each T{tg.h} is a stromg epimorphism. Thus
T{c,A) is an isomorphis=a if and only if Tle,,4) and T(=_ ,A} are.
By Theore=m 4.13 and Remark 4.14(1), the category AE is locally

presencable. [J

Remark 4.17. The proposition above still holds uwmder conditione ea B
weaker than being a locally-presentable category. For, if B is complete
and wellpowered it certainly admies strong epimorphiso-monomorphiss
factorizations. Moreover, T{-;A) preserves strong epimorphiems whenewer

it is a left adjeint.

h 2ocone with vertex X in a category ( 15 a natursl cransformation

¥i 5 = pA: D= (. Fora family o of small cocones T4 ST - ax?: ET el

in a small category (, the category [C.A], 1is the full subcategory

r
of the functor category [(,A] wvhose objects G are the functors for

which each Gy 4is a colimie COCOona .

The cocontinuous analogue of Theorem 3.21 of Frevd and Eelly [%],

for locally-presentable categories, is
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Theorem 4.18. Let A be a locally-presentable astegory and T a (not
necessarily emall) family of small cocones in a emall oategery C. Then
[C,Al. 2 leeally presemtable, and hence a coreflective subocategory of

[C,Ad.

Proof. For a functor 5: P+, lec 5: C°P + [D,5et] denote the functor
defined by SC= C(C,5). A cocone ¥: S = A¥: P+ and an objece C

of  determine a nateural transformacion O(C,v): CL{C,8=) = AC(C,X): D =+
Set. The induced morphisms culimﬁﬂ{c.sbj + C{C,X) are the componencs

of a natural transformacion
T: (colimy e §) = C(-.%): C°F » Set.

How, the cocome Gy: G5 + 4GX: ' = A, given by composition with
the funcror G: C + A, 18 a colimit cocome if and only 1if the induced
morphism colim GS - GX is invertible. But by Kelly [17] (3.10) and
(4.1}, and by the cocontinuity of che indexed colimit in the First variable,
we have GX ¥ Q(=,X) » 6 and colim G5 & colim(s « G) = (eolim 53 = G.
Thus we sec thar Gy is a colimir cocone if and only if

Y * G: (colim 5) » G + Cl{-;X) = G -is dnvertible.

Taking T: [C7P,5et] = [C,A]1 + A to be the indexed colimit
T(F,G) = F * G and the family I to be the natural transformatisn
T: eolis é':‘ + ':'[-,KT_]. the hypotheses of Proposition 4.16 are satisfied.

Hence [C,A]l 1is locally preseatable.

Obviously the inclugion [CJ-.Jr + [C,A] is cocontinuous, and so

has a right adjeinc. [
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Chapter 5. Symmetric momoidal closed structures

Im a 2-category equivalence of objects is more commom than
isomerphism. We say thae a 2-caregory M, or more gemerally a bicartegory,
iz gymmetiric momotdal olosed 1f there is given a tensor product
==t M=M= M which iz sssociative, unitary, and commutative to within
equivalences (and no longer isomorphisms), subject to suitable coherence
axioms; and if each =& M: M+ M admics a right biladjoine Hoa(M,=).

We do not inténd to éxamine here what the appropriate cocherence conditions
may be, for we are considering particular and naturally=-sceurring cases

where whatever conditions are appropriace are surely sacisfied.

The 2-category =-Th has a symmetric monoidal closed structure in
this sense (see Kelly [17] and [18]). This structure transfers to one on
a=Ladj, which in turn gives rise to such a structure om Lladf. In this
chapter we explora these various symmetric moenoidal closed structures, and

also the biclosed structure of Lady.

5.1 Some symmetric moncidal closed 2-categories

The 2-category o—Cont of all a=-complete categories,
s-continwous functors and natural transfermarisns contains the Ffull
sub-2-category a=-Th of all small oa-complete categories. Helly [18]
describes an cbviocus symmetric monoidal closed scructure on a=-Th: the
category a-Th(A®B,C) may be seem as the Full subcategory of
CAT(A= B, C) whose objeccs F: A %= B = C are these functors S-continuous
in each wariable separately. Denoting this tensor produce by A H B we

have o-ContlA g B,C) = a-Cont(A,a-Cont(B,C)), where [ is any

aG-complete category.




Associated wicth the a=theory A& Is the lecally a-presentable
category A = a=Conf{A.Set) = A-ALg . lnder the bleguivalence
a-Th —~ Gm—tadj}cu, the 2-category é;—Lgdj}cu, and thus a=ladj, Inherits
a symmetric monoidal closed structure. Using Theorem 9.9 of Kelly [18],

wi hawve

(A o B)=-Afg u{cmtmg B,Set)

v a-Cont (Aa-Cont (B.Set))
= a=Cpnt(A,B)

* Ladi4,8"°F ;
go that the tensor prodect, in a-lady, may be taken to be

Ae B = Ladj(A,B°F°F (5.1)

a

which is independent of a. The unit of the temsor product is "Setf, and

the internal hom in g—Ladj is
Hom(A,B) = o-Th(A T ,BOF)-Alg.

Let o, B be a pair of regular cardinals such that & = 8. Then every
f=complete category is trivially s=-complete, amnd every locally o—preésentable
category is locally B=presentable. Thus there is a functor

T: 8=Th + a=Th, and a psevdo-funceor S: a-Th + E-Th, givea by the
compoesite of the biegquivalence a=Th ~ {uuladj}cn, the inclusion

(a=Ladi)" + (B-Ladj)"", and the biequivalence (B-Ladj)"° ~8-Th. For

an a-theory A, it follows from Kelly [17] that S5A i1is the E-theory

generated by the sketch (A;9), where & consises of all a-limde cones

in A.
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The peeudo-functorz 8§ and T aive a ladiunetion

Proposition 5.2.
8 A T: g=Th « g-Th .

Proof. IfE A is a small a-complete categery and B ds a small F-complete

category, then, by the comments above, B=Tn(5A,8) = a=Th{A,B) = a=Th(A,TE}. O

Since, by (5.1), the inclusion a-ladj - E-Lladj preserves the tensor

product, go does S: so that T has a menoidal atructure (ses Kelly [301).

Moreover (5.1) defines a tensor product on the unfon Ladf of the
s-categories a-ladf, giving a symmetric monoidal structure on Lad;, with

S5ed as the unit of the tensor product.
Proposition 5.3. The symmetric momoidal structure on Ladf, given by (5.1),
hag an internal hom given by

Hom{A,B) = Ladj(A,B).

Proof. Let the regular cardinal a be large enough so that the locally-
-pregsentable categories A, B and  arse locally a-presentable. Then

wi have

Lady (A, Lad i (B.C)) a~Coeont(A ,Ladf(B8.C))
= g-Coeont{A ;a-Cocont(B ,C))
a a
v Comod({d =8 .C)
a a
¢ a=-Cont(A"F o g°P °Fy°F
2 g O
= Ladj(A & B,C) ,
by Theorem 9.9 of Kelly [18): heres femﬂd{:up’tﬂup,fj is the full ssheategory

of CaT{AGpa aﬂ?,t} congisting of those functors which are a=cocont inuous

in sach variasble separacely. [




h.2 The biclosed structure of [Lady

Recall thac a bicategory M 4is biclosed if, for each l=cell

E: A+PB and each object €, the functors M(E,1): M{B,C) = M{A,C) and

MCL,£): M(C,A) = M{C,B) pgiven by composition with £ have right adjoints.

. g
LI L0884,

-

Proposition 5.4, The Z-gategery Lady

L~ o

&

wiy

Proof. Lec A, E and C be locally-presentable categories and T: A = B

a left adjoint functor. The left adjeimr functors between locally-presentable
categories are precisely the coconcinuous functors. Hence colimits in
Ladi(A,B) are formed pointwise in B, and the functors

Ladf(T,1): Ladj(B,C) + Ladf{A,C} and Ladf(1,T): Ladj(C,A) =+ Ladi(C,B)

are cocontinuous functors between locally-presentable categories. Hence they

have right adjoints.




Chapter 6. Locally-presentable enriched categories

Most of the important reésults concerning locally-presencable
cacegories cam, with only slight alteration, be stated and proved im an
eariched context - provided che base-category is suicable. EKelly has
initiated such a program im [18]. This chapter furthers that program by

giving results analogous to those in Chaprers 2 and 3,

Throughout this chapter UV 1= a complete and cocomplete sy=mectric
monoldal closed category. For convenlence we use the terms 'caregory”,

"functor” and "monad" for | "W-category", "W-functor" and “V-monad", and
discinguish a WV-category A from its underlying ordinary category Au,
It is assumed that the reader is acquainted with che basiz notiens of enriched

cacegory theory; we refer them to Kelly [17] for any unfamiliar cterms or

notation.

6.1 Limits of V-categories

The 2-category =CAT consists of WV-categeries, =functors and
V-nacural transformacieons. Of course ics hom—cacegories are aotc, in
general, locally small. Yet is admits all small indeéxed limits. The
2=funceor | ja: V=CAT = CAT, assigning to each WV=caregory its underlying
category, preserves thesge limirs; indeed chere is a left adjoint
L: CAT = V=CAT, che free V=-category LK on the ordinary category
having che sase objects as £  and having LE(E,K") = K(E. K"}.I, the

coproduct of K(K,K'}) coples of 1I.

We deseribe the basic indexed limits of retract type im U=CAT.
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The product A, of a set of cacegories - thar ig, of WV-caregeries -
has as objeces the set Ecﬁ{&il, and the cypieal hom-object is
[HiiJLA.B} = EAi[ﬁi.Bi}, where A, and B, are the i-components of

A and B respeccively.

The cotensor product {K,A]} of a small ordinary cacegory K and
a V-category A is the enriched functor category [LK,AJ. Given any
V=category B, rthere is a suicable excension V' eof |V sueh that

[B,A] dis a '-eavegory (see Kelly (171, Sectiom 3.11). Then

nf

V=-CAT(B,[LK,AD) V-CAT(E ® LK,A)

1]

V'=CAT(E = LK,A)

LT

V' -CAT(LK,[B,AD)

L]

CAT(K, V' -CAT(B,A))

i

CAT(KE, V-CAT({E,A)) .
Under the isomorphism ¥: W=CAT(E, [LE,A Q) —+ CAT(K,U-CAT(E,A)) we have

(Y$)K = ES: B~ A {6.1)
whera ER= [LE,A] = A 1z the V-functor given by evaluation ac K.

The equifier J: P+ A of a parallel pair of natural eransformarcions
6,2: F+G: A+ § is the full subcategery of A whose objecks A

satisfy ﬂﬂ = cﬁ :

The objects of the insercter Q = Ina(F/G) for F,G: A =B are

pairs (A,a) where A i3 an objece of A and a: Fa -+ GA 1= a

morphizs in Eﬂ, and the hom-object Q{{A,a),(B,b)}) is the equalizer
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of the two morphisms ELl.b}rﬁ'E and E{ﬂ‘l}ﬁﬁ.5= AlA,B)Y = B(FA,GR).
Here the =morphism Fa.a: A(A,B) + B(FA,FB), which £5 often abbreviated
to F, iz parc of the data for the fvnctor F, and the morphism
B(E,g): B(C,D) - B(X,¥), for £: X +C amd g: D+7T in E&, iz thac

described, for instance, in Kelly (171, p.37.

For the splitting R: A+ B and J: B+ A of cthe idempotent
endofuncror F: A + A, the objects of B are the objecta A of A such
that FA = A and the hom-object B(A,B) is given by che spliccing of che

idempocent FA at A(ALB) = A[A,B).

Lee J = {J1= Ly + V} be a class of indexing types. As in
Chapter 2, where W = S5&f, cthe 2-category J-Comp consists of all
(small) categories admitting Ji—indexed limievs for all Iy o® J, cthesa
functors which preserve these limits, and natural transformacions between

them. Modifying the proof of Theorem 2.6 gives

Proposition 6.2. The Z-category J-Comp cdwits all indesed limite of

ratraet type and the tnclusiom dtnte V=-CAT preserves them. O

6.2 some basic facts about locally-presentable enriched categories

To develop results amalogous te those fer locally o=-presentcable
ordinary categories we must imposeé certain restrictions on the base-category
V, namely chart UG be locally a-presencable and chat {I.-'mfl-:t be closed
undar the monoidal structure, in the seénse that X & Y ¢ F&n when
XY e uﬂa and that the unic I feor the tensor product liea inm Una

Such a V 4is saild to be locally o-presentable ag a elosed category

(see Eally [187). Obwiously such a clogsed category UV 1s them locally
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E-presentable as o closed category for each regular cardimal & 2 a. In

the sequel the base-cacegory ¥ will always be locally a-presentable as
@ closed category. In most important cases V is locally finirely

presentable as a closed category.

A category A admits B-filtered colimits if it adaits the
V=colimit of each functor 5: K = A, (see Kelly (171, pp.94-96), where
the small ordinary catepory K i{is @B=Ffiltared. an object A In such a
category is p-presentable if the fumeter A(A,-): A + I preserves
f-filtered colimtits. A locally E-presemtable category A, where
£ =a is a regular cardinal, is one that is cocomplete and has a small
strong generator consisting of @-preseatable cbjects. Since U is
lecally @E-presentable as a closed category we may assume, when considering

I-categories of locally G&-presentable categories, that 8 = a.

As shown in Corcllary 7.3 of Kelly [138], the full subcategory &n
consisting of the a-presentable objects of the locally a-presentable

category A is, idn faect, a dense generator.

A =category M is an a=category 1f it has fewer than o objects
and 1f each hom-object M{M,M') is in uq. A functer J: M+ WV is an
a=fimater if M 18 an a-category and J factorizes through the

inclusion Hﬂ = ;i an ‘g-I{mit -is a limit indexed by an g-functor.

Proposition 6.3.  (Kelly [18], Proposition 4.9). Im a Losally

a=présentable category a-limite commte with a-filtered aolimitsa. d

Proposition 6.4. (Kelly (18], Theorem 7.2). If A iz a losally

a-presentable category them the muboategory .-'I,:‘ 18 cloged wder a-colimits.

.
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Kelly also gives, in his Proposition 7.5, a very useful
characterization of locally a-presentable cacegories in terma af their

underlying caregories:

Proposition 6.5. Let A De o cocomplete category. IF A, te locally

a=pregentable and L o — *;u then A ig lovally a-presentable.

When A 18 lecally o-presentable it is cruee that Anu = Aan 2
The result above is useful in dealing with V=a-ladj, the 2=-category
of lecally a-presentable U-categeries corresponding co a-ladj. In

the case of V-a-Lee we need instead some properties of monads on

locally a=-presentable categories.

Recall, from Sectiom 1.3, how the object of algebras for a monad
may be constructed from inserters and equifiers. To show the cospleteness
of the cacegory of algebras for a monad on & complete category, we need

modify but slightly the proof of Theorem I.5.

Proposition 6.6. Let F.G: A+ B be g pair of l-cells in V-CAT, ond
let L: K = ¢ be ot tndexing type suoh that A odwits L-tndexed Limita

and G pregerves them. Then the inserter P = Tna(F/G) adwits L-indexed

Limits ond the gesootated funotop J: P+ A prageries them.

Proof. Lee T: K+ P be a fumctor. The natural transformation

w: FJ + GJ assoclated with the inserter Iinduces a morphiss

{L,uT}: {L,FIT} + {L,GJT}. There are also canconical morphisns

e: F{L,JT} = {L,FIT} and s: GIL,JT} = {L,6JT}, the lacter being an
lsomoerphism since © preserves L-indexed limics. Ser

= ; : 3 !
m® § {L,uTle: F{L,JT} = G{L,JT}. We claim that the object ({L,JT}.=}

(51

the inserter F i3 the L=indexed limit of T.

o
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For (F,p) € P the hom—object P((P,p),({L,JT},m)) is the equalizer
¢of B{(l,m)})F and B(p,1)G: A(P,{L,JT}H =~ B(FP,c(L,JT}}: thus it is also
the equalizer of B{l,siB{l,=)F = B{1,{L,pwT}H)B(l,c)F and
B{l,s)8(p,1)G = B(p,a)G. Hence, composing with the natural isomerphisms
[, VL A{P,JT-)} = A{P {L JT}) and B{FP,{L,cJT}) = K,V (L,B(FP,CJT-}),
we se¢ that P((P,p), ({L,JT},m)) = CK,VI(L,P((P,p},T=)), che isomorphisa
being natural in (P,p). Thus ({L,JT},=) 1= indeed the L-indexed limit

of T, and it is preserved by J. O

Proposition 6.7. Let o,p: F+G: A+ B be a pair of f-cells fn V-CAT,
and et L: K+ V be o indexing type such thet A adeits L-fndesed
limits and G preserves them. Then the egquifier P = Equif(F,8) adwits

L-indexed limits and the assooigted finctor J: P + A preserves them.

Proof. We consider the equifier J: P - A as a full subcategory of A.
For a functor T: K + P let t: F{L,JT} + {L,FJT} and
8: G{L,JT} » {L,GIT} again be the canonical morphiemse. It is sufficient

to prove that P = {L,JT} 4is in the full subcateogry P = that is,

gp " op + Simce ol = pJ: FJ + GJ, the induced morphisms (L,0JT} and

{L,pJT}: {L,FJT} + {L,GJT} are equal. Thus

= {L,oJT}t = {L,pJT}t = sp, . But s is an isomorphism, and hence

849 P

P

Ip = pp @8 required.

For a monad (T,n,u) on a cacepory A the Eilenberg-Mooras caregory

is denoted by AT, The forgetful functor U: AT + A and che functor

: A * A, assigning to each object of A the corresponding free algebras,

give an adjunction F —3li: d.,r + A,
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Theorem 6.18. Zet (T,n,u) be a momad om the sategory A.
(1) If A agamits J-indexed limits, for an indexing type J: K = V,
. T o .oy : Wy 2
then A" admwits J-indezed limits and U preserves them.
(2} If A admits J-indexed colimits, for an indexing type J: K°F = v,
T

and 1f the fiowotor T preserves them, then A" zdmits J-indered

polimite and U preservas them,

3

Proof. {1} The resulr follows using Propositions 6.5 and 6.7 and the
construction in Section 1.3 of objecets of algebras by means of inserters

and equifiers.

{2} In chis case, we use the duals of Propositions 6.6 and 6.7, [J

When A is locally a-presentable and the endefunctar T has

rank o more may be said about .-!.T.

Theorem 6.9. Let (T,n,u) bBe o monad on the Looglly a-presenichla
. " - T g
category A suoh that T has remk a. Then A' is ftsal

e z T . . o i
a-presentable and U: A" = A {3 g comtinuous flootor with rank a.

Proof, By Theorem 6.8 the category .AT 1s complete and admits a=filtered
colimics; the functor U: 4 + 4 preserves all limirs and all a-filtered

colisics.,

Let K be the full subcategory of .-'I.I whogse sbjects are the free
algebras on the a-presentable objects of A. The free algebra FA on

the o-presenctable object A of A4 is itself a-presentable in A', for

AT(FA,=) ¥ A(A,=)U has rank a. We shall use Theorea 5.19 of Kally [17]

to prove that the inclusion J: K + AT is densa.
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An obiect A& of A is the colimit of cthe canomical functor
1A1 Aafa * A, Thus the free algebra FA on A is the colimit of the
functor FTA' Moreover, since this colimie iz a=-filtered, it is
J=absolute (see Kelly [17), p.170). For any algebra (B;b) cthe diagram

FTB —ii—r FB —2— (B,b)

exhibits (B,b) as a coequalizer. Since this colimic Is U=-split, it 1=
preserved by each AT{FA,—} & A(A,=)U, and hemce is J-absoluce. Thus,
by Theorem 5.19 of Kelly [17], K 1= a dense generator comsisting of

a-presencable objects.

it remains to prove that AT is cocomplete. Let G: ﬂu = &k be cthe
restriction of F, and lec H = ra A:P « K°P,  Then
[H,1]] = IU: AT-h[A:F,U], where 1I: Aﬂ + A is the inclusion. MNow H
is surjective on objects, and every natural transformation
E: 5 + 5": A:p = I is determined by the merphisms Byt SA + 5'A. Thus
[H,1]: [K&val * [A:P,U] 1s conservative. Since [H,1] also preserves
all colimiers, it reflects all colimies, so that the adjunction
LnnH ——4 fH,1]: [KUP.U} B [A;F.U] is monadie, The fumetor IU has a
left adjoint since U and I each have a left adjoint. Thus Dubue's
adjoint triangle theorem [5] is applicable, and J has a left adjoint -

that is, AT is a reflective subcategory of [Kﬂp.U]- Hence ﬁT is

cocomplete as required. O



6.3 The retract-type completeness of V-Loc

As for W = 5el, the objects of the Z-category WV=a=-Lloe are the
locally a-presentable cacegories, tha l-cells are the contisnusus funceors
wich rank @ = all such have left adjoints by Kelly [18] - and the 2-cells
are the natural transformations. The union, taken over all regular cardinals
Eza, of the 2-categories WV=8-loc 1s V=-Loc; its objects are locally-
-pregentable caregories, its l=cells are funccors which have a lefr adjeint,
and its 2-cells are natural transformations. To prove the retract-type
completeness of WV=Lo¢ we first establish che retract-type compleceness

of V-a-Loe,

Theorem 6.10. The &Z-category WV-a-Lloc admta

(1) products

(2} gotensor prodast

(3) inserters

(4) equifiera

and

(5} splittings of idempotents,

fHence V-o-loc admits all indered limits of retract type. Moreover the

inclusion of WV-a-Loc in V-CAT preserves these limits.

Proof. {1} Produsts. The proof given in Proposition 2.1l holds for the
e¢nriched case. The product, in V=CAT, of locally g-presentable categories
ig complete and cocosplete, the projections :-*J: T.'LL + A, are continuous
and cocontinuows, and a strong generator formed of o-presentable objeces

iz given by the objecras of the form qji.ﬂ.}, where 0, - PJ

and A g A, .
4




For any set of l=cells B = Ai in WV-p-Lloc the associated funceor is

continuwous and has rank a.

{2} Cotensor products. For any small ordinary category K and any
locally oa-presentahle category A the enriched functor category [LE,A]

is locally a-presentable; for it is complete and cocomplete, simce A is,
and the objects of the form (LK)(K,-) ® A, where K ¢ LK and A ¢ Au‘

give a strong generator consisting of o-presentable objects. The evaluation
functars ﬁf [LK,A] = A preserve, and jeintly detect, limits and colimics.

In Section 6.1 we established the isomorphism

wa V=CAT(B [LK,AT} CAT(E U-CAT(B,A)). In the case vherea E is
locally o-presencable we see, from (6.1), cthat the functor S5: B = [LK,A]
i continuous and has rank o 1if and only 1if each (¥5)K 18 continuous

and has rank a - that is, ¥5 takes its values in W-a-Lloc(B,A). Hence

¥ restricts to an isomorphism V-g-Lloc(B,[LK,A]) ¥ CAT(K,V=o=Loc(B,A)).

(3 Inserters. Let F,G: A = B be a parallel pair of Il=-cells in
V-a-loe whoge insercer, inm U=CAT, f8 J: P + A. By Proposition 6.2 and
the corresponding assertion for a class of indexinmg types for colimits,

the category P admits all limits and g-filtered colimits, and the functor
J preserves them. Since Jc has a left adjoint, and since J presecves
cotensor products, J has a left adjoint {see Helly [29]). MHow, since

Ju is monadie, 8o is J by Theorem 2.2.1 of Dubue [ 6 ]. Thus, applying
Theorem 6.9, the category F 18 locally a=-presentable. If R: C =P 1s
a funetor such that JRE: C = A is in UV-g-Lloe cthen R i2 continuous with
rank . Hence J: P+ A, with the assceiated I-cell, is in fact the

insercer in V-a-Lloc-

(4 Equifiers. The proef ie almost identical to thact for inserters.
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{5) Splittinge of idempotents., Again we apply Propesition 6.7 and
Theorem 6.9. For an idempotent F: A + A the monad on A arises from

the adjunctiom I —II: B+ A given in Fropositien 2.2, 0O

Theorem 6.11. The Z-category UV-Loc adwits all indexed limits of retract

type and they are preserved by the fmolusion V=Loe = V-CAT.

Froof. The result follows immediacely from Theorea 6.10. [

6.4 The retract-type completeness of V-Lladyf

The ebjects of the 2-category Umu—Ladj are the locally
a=presentcable cacegories, the l-cells are cocontinueus funcrors which
preservé o-presentable objects (that is, functors whose right adjeints
have rank a) and the 2-cells are natural transformations. The 2-category
V-Ladf is che union of all such 2-categories. To establish the retract-
-t¥pe completeness of W-ladi we consider indexed limits of ratracc type
in V-g-ladj which are formed as in V-CAT. as with the Sef-based case,

the size of a places restrictions on the size of thesa limits.,

Proposition 6.12. The 2-categery V-g-ladf admite splitting of {dempotents.

Froof. If F: A + A 1is an idempotent endofunctor in V-u-Ladj, then it
has a splitting R: A + B, I: B+ A such that B is cocomplete and R

and 1 are cocontinuous. Moreover, since Hn and I‘:l give a spliteing
of Fu' the ordinary caregory Eﬂ is loecally a-presentable, The same

proof as in Corellary 3.2 shows that the objects RA, wvhere A ¢ A, + are

a-presentable dn B. Hence Eua [ EI:“;| , and a0 B 1a lecally

a-presentable, with R and I preserving a-presentable cbjects. 0O




A proof that products with fewer than a components exist in
V—a-Llad{ 1ifes directly EFrom that given in Proposition 3.3 for the

particular case V = 3ef,
Proposition 6.13. The Z2-category V-e-ladj admits all products with
fewer than o components and these products are preserved by the incluaion

tnta W=CAT. Q

Before examining the cotensor product we shall make some observations

about evaluation functors. IEf M iz an object of the small category M
and if B 4is a complere and cocomplete category then the evaluation functor
EH: [M,B] + B has both adjoints Sy — By —|TH where

5,(B) = M(-,») @ B: M+B8 and T,(B) = M(M,-) 4 B: M+B. As usual V4B

denotes the cotensor product, and YV @ B the tensor product, of V « 1)

and B « B.

Proposition 6.14. Let B be a locally a-presentable category and M on
a-category. A funotor F: M+ B whish factorizes through the inslusion

E} =B ts an a-presentable object of ([M,B].

Proof. Since EH: [(M.B] + B and B(FH,-): B+ V, where M and H are

objeces of M, each have rank a, =0 does the represencable functor

[M,BI(M{M,-) & FN,-) = E{FH,—]EH = thar is, M(M,-) @ FN is an o-presentable

object of [M,B]. Since M(M,M) is a-presentable Iin V, =0 alsoc
M(N, M) o M{(M,=)  FN is oa-presencable in [M,B]. Now, the functer F is

the coend IH M(M,=) & FM. Thus the corresponding coequalizer diagras

{see (2.2} of Kelly [171)




'\Ll 5
E " MMM} @ M(M,-) @ FN T L, M(M,-) &Fd - _|' M(4,-) & FM
M,B M
exhibiers F as an iterated ag-colimiec of g-preseantable objecta, sinee
the coproducts have fewer than o sSummands. Hence F  Iltself is an

a=presentable cbject of [M,B]. O

1f Kk 1is an ordinary a-category them LK 15 am g-category.
Using the proposition above, and a modification of the proof of

Proposicion 3.5, we hawe:

Proposition £.15, If K 18 an ordinary g-cgtegory ol B 18 g looglly
a-présentable category, then the cotensor product extets in  Vea=Lladj

and 18 {K,B} = [L{K},;B]. Hfense cotensor produsts WEA g-oaiegqories are

preserved by the inclusion Vea=lady -+ V=CAT. 0

L=

For the exiascence aof insercers and equifiers in ",l'—:.—L.:;d_r we Ifmpose,
as before, the restricticon that a be uncountable.

Theorem &,16. Let o be an wwoountable regular cardingl. Then

V-a-Ladj adwits

(1) triaeriars

and

(2) egqutfrars

Mopeover the inslugion fnta U=CAT pregerves them.

Proof, (1L} Imaerters. For a parallel palir of l=-cells F,G: A+ B in

V=g=lady let J: P+ A, with assoclared 2-cell u: FJ = GJ, be the

inserter in V=CAT. Simce A and B arve cocomplete and F and G
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are cocontinuous che categery P is cocomplece and J is cocontinuous.
Froa Proposition 3.013 we know that the uaderlying category Pn iz locally
a-presentable; the a-presentable chjects (P,p) are those objects such
that J(P,p) = P ¢« Aﬂu = Aau « How, the hom=cbject P((P,p),(B,b)) 1ia
the equalizer of a pair of morphisms £,p: A(P,B) - B(FP,GB). Since
A(F,=), B{FP,-), and & have rank o, and since g-filtered colimits
commute with equalizers in the locally o-presentable category V. we
readily see that PO(P,p),=): P = I/ has rank a. Thus Fﬂu c Pﬂj. and

P is locally a-presentable by Proposition §.5. The fumctor J: P =+ A

preserves g-presentable objects since Pnﬂ - Puu s

Aay functor T: O+ F with JT: 0+ A in  V-g=ladf oust be
cocontinwous and presecve a-presentcable objects. Hence J: P = A, with

the 2-cell u, 13 the fiaserter in U-Q-Ladj.

(2) Equiffers. Llet p,0: F+G: A= B be a parallel pair of 2-cells
in V-o- Ladj whose equifier, in V-CAT, 4is the full subcategory

J: F+=A. The cacegory F is cocomplete and J is cocontinuous. The
a-presentable objects of the locally a-presentable category Pﬂ are

an - Aua nfF= A:n nP. S0, if P« Paa then P(P,=) = A(F,=)}J has

rank @ - that is, P;n e Fﬂﬂ + By Proposition 6.5, F is locally

w-presuntable. Moreover J preserves a-presentable objects.

Again, any functor T: C+ P with JT: C + A in V-a-ladj must

be cocontinuous and preserve o-presentable objects, Hence J: P+ A is

the equifier in U-g-Lladj. 0O
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