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Abstract

Because an exact pairing between an object and its dual is extraordinarily natural in the object, ideas of the
paper [St4] apply to yield a definition of dualization for a pseudomonoid in any autonomous monoidal bicategory as
base; this is an improvement on [DS; Definition 11, page 114]. We analyse the dualization notion in depth. An
example is the conceptof autonomous (which, usually in the presence of a symmetry, also has beencalled "rigid" or
"compact") monoidal category. The antipode of a quasi-Hopf algebra H in the senseof Drinfeld [Maj] is another
example obtained usinga different base monoidal bicategory. We define right autonomousmonoidal functors and
their higher-dimensional analogue. Our explanation of why the category Comod, (H) of finite dimensional

representations of H is autonomous is that the Comod; operation is autonomous and so preserves dualization.

Mathematics Subject Classifications (2000): 18D05, 18D10, 18D20, 16W30.
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Introduction

This paper defines and studies (left) autonomous pseudomonoids in any (right)
autonomous monoidal bicategory. As examples we obtain autonomous monoidal 7+
categories and quasi-Hopf algebras in the sense of Drinfel'd [Dd](see [Maj; Section 2.4, page 62-
63]); ordinary Hopf algebras are special cases of the latter. A more theoretical example, in one
of a number of possible variants of slice monoidal bicategories, is what we call autonomous
monoidal functors; these have escaped mention in the literature perhaps because strong
monoidal functors automatically preserve duals. We use this to motivate our notion of
autonomous monoidal lax functor which is of more interest to us here.

We provide a formal representation theory whereby objects of a monoidal bicategory are
represented by certain morphisms from the tensor unit. This leads us, for example, to the
higher-dimensional categorical ingredients making the monoidal category of (finite
dimensional) representations of a quasi-Hopf algebra autonomous.

This paper can be considered as the next in the progression [St3], [JS3], [DS], [MC0-3].
However, we hope it can be read independently, apart from a reference to [St4] for our

approach to monoidal bicategories. Because of a coherence theorem [GPS], we freely speak as
if we were dealing with a monoidal bicategory M yet do our work in a Gray monoid. When

M is right autonomous, we write A° for the right bidual of an object A; our notation for the

unit and counit morphisms is n:I— A°0A and e: AOA°—1. Also recall from [St4]
that, for each good monoidal category 9, we have an autonomous monoidal bicategory

7~-Mod whose objects are T categories and whose morphisms are two-sided modules.



1. Dualization for pseudomonoids
Extraordinary 2-cells can be used to express rich structures in a right autonomous
monoidal bicategory M. In particular, we can express dualization. Suppose A is a

pseudomonoid in M in the sense of [DS]; that is, we have a multiplication p: ADA — A

and aunit j:I—— A which are associative and unital up to coherent isomorphisms

@ :p°(pO1)0p°(1a0p), A:p°(jU1,)01,, and p:p°(1,05) O14.
By way of example, we remind the reader that pseudomonoids A in 7~Mod are
promonoidal Pcategories' in the sense of [Dyl]. A promonoidal P+category is a monoidal V-
category precisely when its multiplication and unit are representable by 7functors.

A morphism d:A°—— A is called left dualization for the pseudomonoid A in M
when it is equipped with an extraordinary 2-cell a from p°(dO1,):A°O0A —A toj:1I
—— A, and an extraordinary 2-cell B from j:I —A to p°(1,0d): AOA° — A
satisfying two conditions. Explicitly, we have 2-cells

AcoA—9TA Aoa )

nT o] l p and e
[ — = A A
]
satisfying the condition that the pasted composite

A 1

BOA
- O0A o ALA

p p
1 []ADMDA&EELADAEX//*'m¢\\\\”~A

AT AOA—F

AOa[]

A

is the identity 2-cell of 1,, and the condition that the pasted composite

! Technically, it is a promonoidal structure on A°P in the sense of [Dyl].
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is the identity 2-cell of d. It would be nice to see the surface diagrams for these conditions, but
this would strain our technology. By mimicking the argument of Paré [ML; IV.1 Exercise 4,

p.84], if we have d, a and B as above, but only satisfying the first condition, and if

idempotents split in the category M(A° A), then the pasted composite of the second

condition gives an idempotent on d whose splitting gives a left dualization.

Proposition 1.1 Let A be a pseudomonoid in a right autonomous bicategory M. There are
bijections among the following structures on a morphism d:A°— A :

(@) pairs (o, B) making d a left dualization for A;

(b) adjunctions p—(pdA)°(AOdOA)°(AOn);

(c) adjunctions p°(d0A) —(A°Op)°(nOA).

Proof (a) O (b) Write p* for the composite

At AaDAoADER . ADADADRR L ADA.
The counit p °p* O 1, is obtained by pasting ¢ and A0 a as follows.

ADAOAATI0A A gapaPP2e Ao A

ADnT ADal[] iADp o[ ] lp

R
A AT = AL A - A

The unit 1,5, O p* °p is the following pasting composite.



AOA

1ADA /
OpLUA pOA

1ADA AOA ADjDr’ADADA
1
Al:leDAT ADBDAD AlOpUOA DP OA

OA
A A—— ADAOAOA——>AOADAOA [P

]
AOAOnN AOAOdOA
\\D pOAO A 0 pOAO

AWAD AODAmAD AOA

The two conditions on o and P give the adjunction conditions on this counit and unit.

(@) O (c¢) The counit for the adjunction in (c) is the following pasting composite.

A°Op AODA%L
AOKTA a0a ©  anp AL
noa| aOA[]  YpOA @] |P

A

The unit for the adjunction in (c) is the following pasting composite.

A°OA

o A°l] A A°ONJA 0 A°OA
A°OBOA A°Dp
AcnAada0Aa U AeCADA

nOA°OA
AODA%d% /O-Drpmp\;AoDA
AO

[ AOAOA OD(PD

Ae )
dOA nDV JUN p

AOA U COATA
XAAV

The two conditions on o and B give the adjunction conditions on this counit and unit.

(c) O (a) Under an adjunction p°(d0 A) —(A°Op)°(n0 A), the isomorphism
n O (A°Op)°(A°Oj0A)°n O(A°Op)°(ndA)°j
corresponds to a2-cell o : p°(d0A)°n O j asrequired in (a). Since A° is aright bidual for
A, 2-cells B:j°ed p°(AO0d): AOA° — A arein bijection with 2-cells B' : A°Oj O
(A°Op) °(A°O0AOd)°(n0A°), and for PB' we take the following composite in which n
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denotes the unit for the adjunction of (c).

A°OA

0 dOA
Al d o AATI L AhA
0O \P A°CA
1, \ [In
nOA° 0 A
nOA A°Op

A°OATA ~OADd =A°TALTA

The conditions on o and B can be deduced from the adjunction conditions.

(b) O (a) Under an adjunction p —(p0A)°(AOdOA)°(AOn), the isomorphism

(dOA)°n O (pOA)°GOADOA)°(dOA)°n O (pOA)°(AOdOA)°(AON)Cj
corresponds to a2-cell o : p°(d0A)°n O j asrequired in (a). Since A° is aright bidual for
A, 2-cells B:j°ed p°(AOd): AOA° — A are in bijection with 2-cells B" : AOj O
(pOA)°(ADdOA)°(AOn) : A — AOA, and for B" we take the following composite in
which n' denotes the unit for the adjunction of (b).

AOA

ATj P\\ Lana

AOADn A\ L
A 0 AOn

ADAOA—y

ADADAODA/O' ADdDAADADA_ﬁA’ADA
Aln pUOA IZIAD

0 ApDADdOA poana O pOA
ADA°OA ADADADA—=ATADA

AOpOA
AOdOA 1ADADA
AOADOA

The conditions on o and B can be deduced from the adjunction conditions. g p.

Proposition 1.1 (c) is precisely the condition defining "right antipode" in [DS; Definition
11, page 114]. In [DS] we presumed the multiplication p, the unit j, and the dualization d
had right adjoints; we shall now see that p necessarily has a right adjoint, while d has a
right adjoint if j does.

Proposition1.2 Let A be a pseudomonoid with left dualization d:A°—— A. Then p:
AOA — A has a right adjoint p* and there is an isomorphism
d O (AOe)°(p*OA°)°(GOA®).
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Furthermore, if j has a right adjoint j* then
(i) d has a right adjoint d* = (A°0j*)°(A°Op)°(n0A),
(i) GOA)°(POA)(AOp*)° (AT} O1,,
(iii) the unit of the adjunction d— d* is invertible (so that d is fully faithful), and
(iv) there is an isomorphism j* Oe°(AOd*)°(AOj).

Proof From Proposition 1.1 (b), we have p* = (pJA)°(AOdOA)°(AOn). So
(AOe)°(p*0A°)°(jOA®) O
O(AOe)°(pOADTA°)°(ADdOADOA®)(AONnOA®)°(jOA®)
Op°(ADd)°(AOA°Oe)°(AOnOA®)°(jOA®)
Op°(AOd)° (GO A°)
Op°(jOA)°d
Od.
If j— j* then we can compose the adjunction of Proposition 1.1 (c) with A°0j —A°Oj* to
obtain p°(dOA)°(A°Oj) — (A°Oj*)°(A°Op)°(nTA); however, p°(dOA)°(A°Oj) O
p°(A0j)°d Od, which proves (i). Then
d*°j = (A°0j*)°(A°Op)°(nOA)°j
0 (A°0j*)°(A°Op)°(A°O0AD})°n
0 (A°0j*)°n
0 j*,
from which (iv) immediately follows. To prove (ii) we use the formula for p*:
(*0A)° (p0 A)° (AD p)° (AD)
0 G*0A)° (pOA)°(ADpOA)° (ADADJOA)(ADAON)° (AD])
OG*ODA)°(pOA)(pOATA)(ADAOAOA)°(ATAON)°(ADj)
OG*OA)(pOA)°(AOdOA)(pOA°OA)°(ADAON)°(AO))
OG*O0A)°(pOA)°(AOdOA)°(AOn)°p°(ADj)
OG*0A)°(pOA)°(AODdOA)°(AOn)
0 (G*0A)°p*
O@(@°GOA))”
U1,
Finally, to verify (iii) we note that an inverse of the unit for d — d* is provided by the
composite isomorphism:
d*°d O (A°Oj*)°(A°Op)°(n0A)°(AOe)° (p*OA°)°(jO A°)
0 (A°0§*)° (A°Op)°(A°OATAD ) (nOADADA®)® (p*0A%)°(j0A°)
O (A°Oj%)°(A°Op)°(A°SOAOADe)*(A°COAOPp*OA°)°(A°TATJOA®)(nOA°)
O (A°Oe)°(A°Oj*0ATA°)(A°OpOATA%) (A°DAOp*HA®)°(A°OALOjJOA®)(nOA®)
0 (A°Oe)°(A°O1,0A°)°(nTA®) using (ii)
0 (A°Oe)°*(nTA®)



U 1ae- QED.

Corollary 1.3 Left dualizations are unique up to isomorphism in M(A°, A) compatible
with o and P.

Proof This follows from the formula for d in Proposition 1.2 and the fact that p* is
uniquely determined up to isomorphism by p. Q.E.D.

A pseudomonoid is called left autonomous when it admits a left dualization. When M

is left autonomous, we define right dualization to be dualization in M™. When M is
autonomous, we call a pseudomonoid autonomous when it admits both a left and a right

dualization.

We write AP for the left bidual of A.

Proposition 1.4 If A is an autonomous pseudomonoid in an autonomous monoidal

bicategory M then its right dualization d':A%—— A is the mate dY:AP—— A of its left
dualization d:A°—— A. If further j:1— A has a right adjoint then d:A°—— A isan

equivalence.

Proof By the dual of the formula for d in Proposition 1.2,
d' 0 n"0A)°(AOp*)°(APDj).
So
d° O0G°0A)°(p**0A)°(A°On)
O(OA)°(A0e0A°TOA) (p"OA°OA°OA)°(GOA°OA°OA)°(A°On)
OO0A)°(ADOn)°(AOe)° (p*0 A°)°(jO A°)
O (AOe)° (p*OA°)°(jO A°)
Od.
This proves the first sentence of the Proposition.

If j —j* then by Proposition 1.2 (iii), the unit of d —d* is invertible; so the counit of

d*U— dY isinvertible. By the dual of Proposition 1.2 (iii), the unit of d”— d" * is invertible.

So d” has both a left and right quasi-inverse and hence is an equivalence. So d is an

equivalence. ogp,

Proposition 1.5 In an autonomous monoidal bicategory M, a left autonomous

pseudomonoid is autonomous if its left dualization d:A°—— A is an equivalence.

Proof We begin by proving the existence of a canonical isomorphism



eD O
[———=AJA

nl [ lADdD
A DAWADA

by showing that there is an isomorphism after applying the biequivalence (-)°; we have:
e°(dOA°) Oe°(dOA°)°(A0eOA°)°(nOA°OA®)
Oe°(AldedA°)°(dOATA°OA®)(nOA°OA®)
O ((dO A)°n)° On°°(A°Od°).
From the above square and Proposition 1.1 (b), we have
p* O (pUA)°(AOdOA)°(AOn)

O (pOA)°(ADAOAY)°(AOe)
O (A0dY)°(pOAD)°(ADeD).

However, if d is an equivalence, so is AOd” and it follows from the last isomorphism that

p°(AOdY) is left adjoint to (pOAM)°(AOe"). By the dual of Proposition 1.4 (c), we have

shown that d” : AY—— A is a right dualization for A. Q.E.D.

Proposition 1.6 A (left) autonomous monoidal V-category is precisely a (left) autonomous
pseudomonoid of V-Mod such that the multiplication, unit and dualization modules are

representable by V-functors.

Proof We take it as known that a monoidal P category A is precisely a pseudomonoid of
7~-Mod such that the multiplication and unit modules are representable by 7*functors; we
have p(a,b,c) OA(c,a0b) and j(a) OA(a,j). Suppose we have a P-functor (-)* : AP — A
and we let d be the corresponding represented 7*module given by d(a,b) = A(a,b*). We
need to see what it means for d to satisfy the equivalent conditions of Proposition 1.1; let us

take condition (b) to be specific. The composite (pOA)°(AOdOA)°(AOn) has value at
(a,b,c)0A° OA° A given by the coend

J-XIYIZ/u/V/

which, by repeated application of the coend form of the Yoneda Lemma, reduces to
A(a,cODb?*).
The condition that this should be 7‘naturally isomorphic to p*(a,b,c) = A(aOb,c) is

WA(x, c)0A(z,y)dA(u,x) 0 A(v,y*) O A(w,z) 0 A(a,un v) O A(b,w)

precisely the condition that each b* should be a left dual for b. g,

Recall from [DS; Definition 21, page 142] that a Hopf 7algebroid is a T*category H
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together with V-functors D:H — HOH, E: H—— 1 and S: H — HP whose right
adjoints D*, E* and S* in 7-~Mod are equipped with the structure of a right autonomous
pseudomonoid in (7~Mod)®. So S* isa dualization for the pseudomonoid #, D*, E* in

(7-Mod). (Note that adjoints are reversed in (7~Mod)®, so that S is the right adjoint of
S* therein).

2. An autonomous construction and autonomous morphisms
Let M be a right autonomous monoidal bicategory.

A morphism in M with a right adjoint will be called a map [St1], [St2]; we write h* : B
— A for the right adjoint of amap h: A ——B. A map pseudomonoid A is one for which

both p: AOA — A and j:I — A are maps. Recall (Proposition 1.2) that it is a
consequence that any left dualization for A is a map; also, a left autonomous pseudomonad

A is a map pseudomonoid if and only if j:I— A is a map.

Suppose now that H is a left autonomous map pseudomonoid in M. We explicitly
describe an autonomous monoidal bicategory Map(M;H). The objects (A, f) are maps f: A
— H in M. The morphisms (u,0):(A,f)— (B,g) are diagrams

A - B
N4

in M The 2-cells 0:(u,0)0 (u',0"): (A, f)— (B, g) are 2-cells O:ul u' : A— B (with
no conditions relating them to ¢ and ¢'). The compositions making this a bicategory are the
obvious ones. The tensor product is given by

(A, f)0(B,g) = (AOB,p°(fUg)), (u,o0)0(v,1) = @ulv,p°(clr)),
with unit object (I,j); so the first projection Map(M;H) — M is strict monoidal. There is a
monoidal subbicategory Map'(M;H) of Map(M;H) with the same objects and morphisms,
however the 2-cells 6 :(u,0) O (u',0') : (A, f) — (B, g) are those satisfying the following

equation.
u
o N\ u
A———B A———B

It is easy to see that (u,0): (A, f) — (B, g) is amap in Map(M;H) if and only if u : A
—— B is a map and there exists some 2-cell {0 g°u in M; whereas, (u,0) is a map in

Map'(M;H) if and only if u isamapand o:g°u 0 f is invertible.

Proposition 2.1 The monoidal bicategories Map(M;H) and Map'(M;H) are both right
9



autonomous with the same right bidual (A, f)° = (A°,d°£*°) for the object (A, f).

Proof We shall check that a right bidual (A, f)° for (A, f) is (A°d°f*°). Take a
morphism (v, 1): (B, g) — (C,h)O(A, f). So we have v: B —COA and 1
p°HOf)°(hOA)°v O g. Up to isomorphism there exists aunique u : B 0 A° —— C such
that v O(udA)°(BOn). Moreover, since H has left dualization, Proposition 1.1 (b) gives
the right adjoint of p°(HOf) as
HOf*)°(pOH)°(HOdOH)°(HOn).
It follows that we have a natural bijection between 2-cells T and 2-cells
v: (hOA)°(uOA)BOn) 0 HOf*)°(pUH)°HOdOH)°(HOn)®g.
However, we have isomorphisms
HOf")°(pOH)°HOdOH)°(HOn)°g
O@POA)°HOHOf*)°HOdOH)°(g@OH°OH)°(BOn)
O((p°HOd)(@@OH))OA)(BOH°Of*)°(BOn)
OW(p°HOd)(@@OH))OA)(BOf*°0A)°(BOn)
0 (p° (g0 (d°F**)))0 A)° (B n);
so that 2-cells v are in natural bijection with 2-cells
((h°u)DA)°(BOn) O (p°(gd(d°f*°)))TA)°(BOn).
From the universal property of n:I—— A°0 A, these 2-cells are in turn in natural bijection
with 2-cells 0 : h°u O p°(gd(d°f*°)). The assignment (v,T) = (u, o) clearly extends to
equivalences of categories

Map(M;H)((B,g),(C,h)0(A,f)) = Map(M;H)((B,g)O (A°,d°f*°),(C,h)) and
Map'(M;H)((B,g), (C,h)T (A, f)) = Map'(MH)((B,g)0 (A%, d°£*°),(C,h)). gEp.

A pseudomonoid (A, f) in Map(M;H) consists of, in M, a pseudomonoid A together
with a map f: A— H and 2-cells X : f°p——p°(Of) and 1: f°j —j subject to no
conditions. Yet, a pseudomonoid (A,f) in Map'(M;H) consists of a pseudomonoid A in
M together with amap f: A—— Hand 2-cells x:f°p——p°(fUf) and 1:f°j —j subject to
the usual conditions making f: A—— H a colax morphism of pseudomonoids.

A left dualization for a pseudomonoid (A,f) in Map(M;H) is aleft dualization d for
A together with a 2-cell

A>—A

f*o¢ B *f

Ho——==H

d

satisfying no conditions. When this dualization is moreover a left dualization in

Map'(M;H), we say f: A — H is a left autonomous colax morphism of left autonomous

10



pseudomonoids. Let us now be more explicit about this definition.

Suppose A and H are left autonomous pseudomonoids in M. Suppose f: A — H is
a colax morphism of pseudomonoids such that f is a map as a morphism in M. We say that
f isleft autonomous when there exists a2-cell k: f°d 0 d °f*° which is compatible with «a
and B in the sense that the following two equations hold. In these diagrams, the unlabelled
2-cells (f*°0f)°n 0O n and e e°(f0f*°) are the mates of the canonical isomorphisms
(A°Of)°n On°(f°0H) and e°(AOf°) Oe°(f0H®) under the adjunction f*°—f°.

dOA dOA
A°JA = A[] A A JA—=A[A

TD\:DDfHdEf/ o= HI E;[ ip

— > ™HOH

R AN

ADOA° ADA"/D\;
/ N - Ss)
\ / \ l f/

If f: A— H is a pseudomorphism (that is, a colax morphism for which both X and 1 are

invertible) then there is a unique 2-cell k : f°d O d°f*° satisfying the first of these two
conditions; moreover, this K is invertible and also satisfies the second condition. So
pseudomorphisms automatically have a unique left autonomous structure and preserve left

dualization.

As examples in 7~-Mod, we have the concepts of "left autonomous comonoidal 7*
functor" and '"right autonomous monoidal functor". We shall explain these explicitly
because the concept somehow seems to have escaped consideration in the literature on
monoidal categories; also we will need a higher-dimensional version described in the next

section of this paper.
Let A and B denote left autonomous monoidal T-categories. We write (-)”: AP — A
for left dualization, with counit o,: a”0a ——j and unit B,:j — aOa"”, and we use the

same notation in B. A comonoidal ?-functor f: A — B is said to be left autonomous when

it is a left autonomous colax morphism in 7-~Mod. Explicitly, it is equipped with a ¥-natural

11



family k,:f(a"”) — f(a)”, adA, of morphisms in B such that the following two diagrams

commute.

K,Of(a)
f(@P 0f(a) ——=f(@aM)O f(a)

f(ald ad)—2 o £(a)0 £(aD)

£(Ba) fa)0 K,
f(j)/’\h_ | —/BEf(a)D f(a)"
|

f(a)
Now suppose A and B are right autonomous monoidal 7 categories and suppose f: A
— B is a monoidal functor (not necessarily strong). Define f: A — B to be right

autonomous when the comonoidal functor f:A° — B° isleft autonomous. (Note that we

do not write f°: A°—— B° since this would be confusing; indeed f:A° — B° induces the

module f*°: A° — B°.) Explicitly, writing a” for the right dual of aA and using

otherwise obvious notation, a right autonomous monoidal functor f: A — B is equipped
with a ?natural family kK, : f(a)! — f(a”), aA, of morphisms in B such that the

following two diagrams commute.

f(a)O K

A, fla)0f(af —=f(a)0f@) .

j\>. ; /f(aDeF)
| f(]) f(aa)

K _Of(a)

f(a)" 0 f(a) ——== f () O f (a) X

f(al0a)

b

j
T 1)

£(Ba)

We call f strong right autonomous when K isinvertible. If f: A—— B is strong monoidal
(so that the X; are invertible), there is a unique K, rendering the second of these diagrams
commutative; moreover, it is invertible, 7‘natural in a, and also renders the first diagram
commutative. That is, strong monoidal functors between right autonomous monoidal
categories are automatically strong right autonomous. However, a monoidal functor can be

strong right autonomous without being strong monoidal.
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3. Autonomous monoidal lax functors

The purpose of this section is to "categorify" the notion of autonomous monoidal
functor and to examine when such things preserve dualization.

Let M and AN be right autonomous monoidal bicategories. A monoidal lax functor F :

M — N\ is called right autonomous when it is equipped with a pseudonatural family of
morphisms

Ka @ (FA)°— F(A°)
and modifications

F(A)O K,
A)O F(A)°—————=F(A)OF(A®) X

e E(

|\>'F(I) /F(ADAO)

F(eA)
K, O F(A)
nF(A F(A)OF(A)—— = F(A°)O P&*
I\Zim /-’F(AODA)
[ F(I) F(nA)

such that the following two pasting composites are equal to the identities of 1) and Ky,

respectively.

F(A)

F(I)JF(A) X -

e OF(A) £ OF(A) F(e) O F(A) F(ADA®) OF(A) Fe O A)
A0 x 0 F(A) \

1 F(A) Ok, OF(A)

E(A)

X

O
)

| F(A)OF (A)° OF (A) ———2——==F(A)OF(A9)OF(A) 0 FADASDA L
F(A)OZ, ] F(A’M /
F(A)OF (A°TA)
F(A) On F(A) O F(n) F(A O n)
F(A)OF (1) X -
A) 0 _;
F(A) F(A)

F(A)



Ka

F(A)°

A\F(i)"[l

O F() H

A

F(A)° D F (I) —2A——— == F(A9)O F(I

0

F(A)® O F(e) A)OFe) g FAcOe)
) F(A)’OF(ADA)
F(AﬁEE A Rayro XET KAWA
0 F(A°) OF (A OA°)

K, OF(A) OF(A

F(A)° 0 & F(A)°LJF(A)OF(A°) )
Hay F(A)° OF(A) Dk \KQ(ALD F(A®) FA) Oy X FAY)
F(A)° = F(A9)OF (A)OF(A°)

F(A°OAOA®)
A°) OF(A)O
|:| % O F(Ao) X
F(A°)OF(A)OF(A)° 0 C
O FA)] X I FGA)S F(A° O A) 0K F 4) OF(A°)

F(n) O F(A®)

L
\
ey o

F(A°[JA)OF (A)%
F(n)l]Fy&A )

IDI(A)S ) ( ) I(I) D: A |:| ( ) ( )

(A°)

Ka

A lax functor F: M—— A\ will be said to be special when
the identity constraint 1z, — F(1,) is invertible for all objects A of M; and

if f: A— B is a map then the composition constraint F(g) °F(f) — F(g°f) is
invertible.

The first of these says that F is normal while the second implies that F is a pseudofunctor

on the subbicategory of M consisting of the maps.

If one is careful, it is possible to use pasting diagrams involving a special lax functor F :

M— N. Given a 2-cell

A .
Aj f
f// n
AO\B []o A
gl 1 g
g2 BZ\ o ° ° n

for which g;,8,°g;, ..

) 8no1°8n2’ - ..°g areall maps, by abuse of language, we write
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F(f,) _FA )—=
T2 V) . .
FV‘AD N
F(A [JF(0)
(A0 F(A,)
F(g,) F(B )\ Aé)
F(g )F(B — o . n

for the 2-cell F(f,)° ... °F(f,)°F(f;)) O F(g,)° ... °F(g,)°F(g;) obtained by conjugating the
actual F(o):F(f,° ...°f,°f;)) O F(g,° ... °g°g) by the composition constraints of F.

Proposition 3.1 Special lax functors take maps to maps. More precisely, if F: M—— N\ isa
special lax functor and f: A—— B is a map in Mthen F(f) —F(*) in N.

Proof Let €:f°f* 0 1 and n :1, O f*°f be the counit and unit for f. Define €' and n'

such that the following diagrams commute.

F(f) ° F(f*) ———s=F(f ° f*) F(f*) ° F(f) ——s= F(f*° f)
e'l lF(e) rl'T T E(n)
g = (1) L = FQ)

(The bottom and top-right arrows are invertible.) It is easily checked that €' and n' area

counit and unit for F(f) — F(f*). Q.E.D.

Theorem 3.2 Suppose F: M—— N is a right autonomous monoidal special lax functor. If
A is a left autonomous pseudomonoid in M then F(A) is a left autonomous pseudomonoid
in N with left dualization given by the composite

F(A)r 07 - Fa°) DT F(a)
equipped with the following two 2-cells.

F(A)°’OF(A) KaDFE) Fa9) 0 FA- 2D E o )
X O X
T NE F(ac0A)—L@0A) F(AéA)
F(n,) F@  [F®)
I l = F (1) FT) )F!A)
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| EG)

I = F(I) = F(A)
A
Fle,) CJE®) F(p)
©Fa NE F(ADAO)M»F(ADA)
X N X

F(A)O F(A)OW F(A)OF(A°) mF (A)O F(A)

Proof The proof requires some rather large diagrams which make use of the two conditions
on a and B and the two conditions on &, and {, . The crux of the argument for the proof
of the first condition for a left dualization structure is supplied by the following equations in
which most of the objects have been omitted to save space.

FOOF@A)_

F(eDV \ \
F(]DA
X O F(A) FledA)
\/ B%/DA)

0 F(ADdDA)

F(A)OF(A°)OF(A) —=F(AOAOA) _
F(AQa)
F(A)N /(A 0 n) i (AT
AD])
wo o A

A)DF(]
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F(])DF(A

F© D%F(B) TF(A)
F(p)JF(A)
F(A 0 d)0 F(A)
X O F(A)
F(p 0 A)

F(ADdDA)

F(A)OF(A°)OF(A) U ———=F(AOJADA)
F(A)N / \iD p)
F(A 0 F(dOA)
A . F(A)DF(p)
F(A)O F(n) ( ) (“)D

A)DF(]

F(]) OF(A)

F(e)O F(A) IZF(B)DF A)
F(p)OF(A) \X
HADdDF
X O F(A) . F(,% \ /
F(pOA)
F(A)OF(d)OF(A

F(A)OF(A°)OF(A)——= F(AOAOA)

F(A) X A)W\/ y‘iﬂ p)
F(A) O F(dOA) O
W)D F(a & I:(p)/(
F(A)O F(n) >D X
- e Q.E.D.

F(A)OE()

4. Formal representation theory

This section provides a conceptual setting for examining categories of representations of
objects of M. We are interested in "finite" representations.

Since the monoidal category V=M(,]) is braided,if u:I——1 is amap then u* isa
map (in fact, u** Ou). We need to assume that, for all objects A of M,

if r and s:1—— A are maps then so is r*°s.

Write ¥, for the monoidal full subcategory of V= M(1,1) consisting of the maps u:1—1;
it is autonomous and braided. We shall suppose further that 7 is cocomplete as a monoidal

category so we do indeed have the monoidal bicategory 7-~Maod.

We shall describe three monoidal special lax functors

Rep : M — 1-Mod,

17



Rep,,: Map(M;I) — Map(7-Mod; V};,) and
Rep' : Map'(M;I) — Map'(1~Mod; Vj,)-

For an object A of M, we have a Vj,-category Rep(A); the objects are the maps r: I
— A, while, for such objects r and r, we put Rep(A)(r,r') =r*°r' 0%, The unit of the
adjunction r— r* provides the identity 1;—— Rep(A)(r,r) of r while the counit of r' —r'*
induces composition

Rep(A)(r',r") ° Rep(A)(r,r') —— Rep(A)(r,1r").
In particular, Rep(l) = V-

Objects €, : A — 1 of Map(M;I) will be denoted by A, suppressing the augmentation

€a. The value of Rep, atsuch an A is denoted by

wy @ Rep(A) — Vi, -
Now w, isin facta T-functor, not merely a left adjoint 7-module; it is defined on objects by
composition with €,, and its effect
Rep(A)(r,1') — Vin(Ea°1,€4°T")
on homs is induced by the unit of €, —€,* Of course, Rep' agrees with Rep  on objects.
Next we define Rep on a morphism u:A——B of M to bethe *module Rep(u):
Rep(A) — Rep(B) defined by
Rep(u)(s,r) = s*°u°’r.
For a morphism (u,0) : A — B of Map(M;I), we define Repw(u,cr) to be the 7 module
Rep(u) together with the 7 module morphism g ° Rep(u,0) Dw , whose component at

(x,r) is the composite

I

Of course, Rep' agrees with Rep on morphisms.

s .
s[Rep(B) X*o €g 0 counit ouor

X*oggosos¥ouor D‘[D OU00OD0O0 - x*oggouor 0t Brf - X*oEpoT.

The formula s*°u°r is appropriately functorial in the variable u so that Rep is easily
defined on 2-cells. This lifts in the obvious way to 2-cells in both Map(M;I) and Map'(M;]),
which, in the last case, sees the image 2-cell landing in Map'(7~Mod; V;,). So we have
defined all three lax functors on objects, morphisms and 2-cells.

Now we need to see how Rep relates to horizontal composition. Take u: A—B and
v:B——C in M. We define the composition constraint

Rep(v) ° Rep(u) — Rep(v°u)

to have component at (t,r) given by the 2-cell

I

Clearly Rep is normal since Rep(ly,, 18A)(s,r) =s*°r =Rep(A)(s,r) which is the component

S .
I t*ovo counit ouor

R B
stRep(B) O00000 t*ovouor.

t*ovosos*ouor [

of the identity 7*module of Rep(A) at (s,r). The coherence conditions for a lax functor are

18



easily checked. It is important to notice that the 9 module Rep(u) : Rep(A) — Rep(B) is
actually representable bya 7 functor when u is a map. Similarly, the % module Rep(u) is
the right adjoint of a 7*module represented by a P*functor when u is the right adjoint w* of
amap w:B——A. It follows that the composition constraint
Rep(v) ° Rep(u) — Rep(v°u)
is invertible if either u isa map or v isa right adjoint. In particular, it follows that Rep is
indeed a special lax functor.
It is easy to see that, if (u,0) : A ——B and (v,1):B —— C are morphisms of Map(M;I),
then the composition constraint Rep(v) ° Rep(u) — Rep(v°u) isin fact a 2-cell
Rep (v, 1) °Rep (u,0) — Rep (v°u,(c°u)1)
in Map'(7-Mod; V). It therefore follows that both Rep,, and Rep' are special lax functors.
Next we describe the monoidal structure on Rep. In fact, there is a fully faithful 7
functor X, p : Rep(A) 0 Rep(B) — Rep(A [ B). On objects we define X, p(r,s)=r0s:1

— ADB. To define X, g on homs, we make use of the canonical isomorphisms

AOB
I I:] r 0B D I
\ Al
"N/ O AA(
s\ /
I

to obtain the required invertible morphism

(Rep(A) O Rep(B))((r,s),(r',s")) —=— Rep(AOB)(rOs,r'Os").
There is also the fully faithful %*functor w;:I— 9};, which picks out the unit object 1; of
Viin ; this gives a T-functor 1:1— Rep(I). The coherence conditions can be verified showing
Rep to be monoidal. Furthermore, when A and B are in Map(M;I), we see that the 7+

functor X, g commutes up to isomorphism with the augmentations into ¥, . Certainly 1:
I[— Rep(I) commutes with the augmentations. So Rep, and Rep' become monoidal.

We shall now see that our three monoidal lax functors are right autonomous. There is a

canonical equivalence of 7-categories
Ka : Rep(A)°P — Rep(A°).
On objects it takes r:I— A to r**:1—— A° and on homs we have
Rep(A)°P(r,s) = Rep(A)(s,r) = s*°r O (s*°r)° O r°°s* O Rep(A°)(r*°, s*°),
using x° Ox for x:I——1 and using r*°— r°.

There is a canonical invertible 7*module morphism &, :
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Rep(A) O Rep(AS? L0Ka = Rep(A) 0 Rep(A°)
\
e EA Rep(A O A°)
l Rep(e)
I T = Rep(])

since the components of both legs of the diagram at (x,r,s), for objects x of Rep(l) = Vj;,
and (r,s) of Rep(A)O Rep(A)°P, are isomorphic to x*°s*°r (using the fact that e° (A O s*°)

0 s* ). There is a canonical “module morphism , :

op K01
Rep(A) "0 Rep(A) = Rep(A°) O Rep(A)

T~

n N Rep(A° O A)
Rep(n)
I T = Rep(I) ;

the component of the domain leg of the diagram at an object t of Rep(A°0A) is the coend
over all objects (r,s) of Rep(A)° O Rep(A) of the expression t*°(r*°0s)°s*°r, while the
component of the codomain legat t is t*°n; so {,(t) isinduced by the composite with t*
of the mate (r*°0s)°s*°r 0 n of the isomorphism s*°r O(r°00 s*) °n under the adjunction
r*°0s — r°0s*. As one might expect from the canonical nature of § and {, it can be seen

that the two conditions required to make Rep right autonomous do indeed hold.
Furthermore, if A isin Map(M;I) then Kk, commutes with the augmentations, while &,

and {, are 2-cells in Map'(7~Mod; V;,). So Rep, and Rep' become right autonomous.

As corollaries of Theorem 3.2 we obtain a variety of results, some of which we list in:

Theorem 4.1 (i) If A is a left autonomous pseudomonoid in M then Rep(A) is a left
autonomous pseudomonoid in  ‘V-Mod.

(ii) If A is a left autonomous map pseudomonoid in M then Rep(A) is a left
autonomous monoidal  V-category.

(iii) If €5 : A ——1 is a left autonomous pseudomonoid in Map(M;1) then the V-
functor W, : Rep(A) — Vi, is a left autonomous pseudomonoid in  Map(V-Mod; Vy, )

(iv) If in (iii) one of the structure 2-cells X :€x°plUe AU0€x, 1:€,°) 0 1 or K:

e2°d0 (ep)* is invertible then the corresponding V-module morphism
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Rep(A) [ Rep(A) ——==Rep(A) T —== Rep(A) Rep(A) *———s= Rep(A)
wADwAl ] looA o\ U lwA wAl [] lwA

)*
q{inD q{in > erin q%in %EP ——— {I{in

is also invertible.
(v) If A isasin (ii) and €5:A——1 isamap which is a pseudomorphism of pseudo-

monoids then the V-functor Wy : Rep(A) — Vy, is strong monoidal.

5. Comonoids and pro-Hopf algebras
Let v be a braided monoidal category. The purpose of this section is to describe and

analyse a monoidal bicategory Comod (7’) to be taken as M in Section 4 so that the formal

representation theory applies. We identify the left autonomous pseudomonoids in

Comod (7); they generalize both the "braided groups" of Majid and the quasi-Hopf algebras
of Drinfeld (see [Maj]).

In order to construct the right autonomous monoidal bicategory Comod(?) we shall

assume the condition:
each of the functors X0 —: V—— V preserves equalizers.
In order for Comod (V) to satisfy the condition we needed on M in Section 5, we assume

that 7 satisfies the condition:
every regular subobject of an object with a right dual has a right dual.

(A regular subobject is one that occurs as an equalizer.) Of course, because of the braiding,
right duals in 7/ are automatically left duals.
The quick description of Comod () is that it is the monoidal full sub-bicategory of

(V°P-Mod)°P consisting of the one-object 1/°P-categories. There is the technical problem

(which does not arise in the one-object case) that defining the horizontal composition in

(V°P-Mod) °P requires stronger conditions of completeness on 4 than we have; and, in any

case, to make calculations we will need to make the definition more explicit.

The objects of Comod (7)) are comonoids C in 7. we depict the comultiplication & : C

— COC as a string diagram of the form

C C

C

and the counit € :C——1 as a string diagram
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so that the comonoid axioms become the equations

N/ Y : Y

The hom-category Comod (7)(C,D) is the category of Eilenberg-Moore coalgebras for the

comonad CO-0D on the category 9. This implies that the morphisms M: C——D in
Comod (V) are comodules from C to D; that is, left C—, right D-comodules. So M is an
object of 7V together with a coaction 8 : M —— COMUOD depicted by

CQ/D

M

satisfying the equations

VWYY

It is sometimes useful to deal with the left and right actions 6, : M — COM and 9, : M
—— M OD which are depicted by

NS and Nz

<

<
<

The 2-cells f: M O M': C—F—D in Comod(?) are morphisms f:M — M' in ¥V

satisfying the equations
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Composition of comodules M : C—+—D and N:D —— E is given by the equalizer

0¥

NMzMgN oooo- MON 0000m. MUODON.
109,
The identity comodule 1-: C—+— C is C with coaction

N

The remaining details describing Comod(?) as a bicategory should now be clear.

Each comonoid morphism f: C—— D determines a comodule f;:C—+F— D defined to

be C together with the coaction
CW /D CY /GD/D

f C

and a comodule fY:D—— C defined to be C together with the coaction
D\f[ /c D\G)\ 7 C

5 C

Notice that we have y¢: f;° {70 1 which is defined to be f: C—— D since f;°f" = -0
C

fD = C with coaction
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Also, fDE fU = fUef _ is the equalizer
. B .
L (@D%&Q%*

f,0f7000- CO opocC ;
D

and, since

C O - CcOC gfﬁf* cococ

—

is an (absolute) equalizer, we have a unique morphism C—— f 0 fY commuting with the
D

morphisms into COC; this gives us w;: 1c 0 fP° f. Indeed, y;, wy are the counit and
unit for an adjunction f_ — f5 in the bicategory Comod(?).
For any comodule M : C —f— D and any comonoid morphism g:D — E, we have
g:'M = MOgy=M:C—t—E
with coaction

C\ M E

(&)
D

M

Similarly, for h: D — C and N:D —4— E, we have
N°ht = hP!ON = N:C—+—E
D
with coaction

C N /E

N

Proposition5.1 A comodule M : C——+— D has a right adjoint in Comod(V) if and only if
its composite €°M with €5: D —+—1 has a right adjoint. If H and K:I1—+—D have
right adjoints then so does H*°K.

Proof A comodule M :C—+— D has a right adjoint if and only if, for all comonoids E, the
functor Comod(7)(E,M) : Comod(?)(E,C) — Comod(¥)(E,D) has a right adjoint.

Consider the following commutative triangle of functors.
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Comod(V)(E, M
Comod(N)(E, Q) —2edE M) od(P)E,D)

Comod(7V)(E,e)

Comod(7V)(E, )
The right side is comonadic via the comonad induced by tensoring with the comonoid D. So,

by Dubuc's Adjoint Triangle Theorem [Dbc], the top side has a right adjoint if and only if the
left side does.

The unit 1p—— €”°¢_ of the adjunction & —&" is an equalizer so
H**K— H**e®e K O (e, H)* ° (e K)
is a regular monomorphism. Now &£,°H and €;°K have right adjoints (duals) since H, K

and € do. But, since ¢,°H and ¢,°K arein the braided monoidal V, they also have left

duals. So (e°H)* °(e;°K) has a right dual. By our assumption on 7 it follows that H*°K
has a right dual. g,

Suppose C, D are comonoids. Then COD becomes a comonoid with coaction
copotf. cocopop oY . copocoD

where ¢ is the braiding and, as justified by coherence theorems, we ignore associativity in ¥

the string diagram for this coaction is

For comodules M :C —+—C' and N :D —}— D', we obtain a comodule MON : COD

—— C'OD" where the coaction is given by

cC D M N C D

This extends to a pseudofunctor [ : Comod(?) x Comod(?) — Comod(?). The remaining

structure required to obtain Comod(?’) as a monoidal bicategory should be obvious.

Write C° for C with the comultiplication
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There is a pseudonatural equivalence between the category of comodules M : COD —— E

and the category of comodules M : D —+— C°0E, where M = M as objects, while the

D\\CE

coaction of M is given by

M

It follows that C° is a right bidual for C; the unit n:I—— C°0C is C with coaction

N\

and the counitis e: COC°—+}—1 is C with coaction

\

This gives the structure of right autonomous monoidal bicategory to Comod(V/).

Definition A pro-Hopf comonoid in the braided monoidal category ¥ is a left autonomous
pseudomonoid H in Comod(?). We denote the multiplication, unit and dualization
comodules by P:HOH ——H, J:I—F—H and S : H° —f— H; indeed, we use the term
antipode rather than "dualization” for S. A quasi-Hopf comonoid in ¥V is a pro-Hopf
comonoid for which the multiplication, unit and antipode comodules are of the form P = p,
J=jy and S =sy for comonoid morphisms p: HOH—H, j:I—H and s: H° —H,

and the unit constraints A and p are identities.
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More explicitly, a pro-Hopf comonoid H is a comonoid together with a multiplication
comodule P: HOH —+— H and a unit comodule J]:1—F— H, which are associative and
unital up to coherent isomorphisms ¢ , A, p (as at the beginning of Section 1 or, more fully,
in [DS; Section 3]), and an antipode comodule S: H° —F— H such that the comodule

(HOn) O (HOSOH) O (POH):H-—HUOH
HOH® OH HOHOH

is right adjoint to P. Alternatively to the last clause, we require comodule morphisms

o:n O (SOH) OP—J and B :edJ— HOS) O P
H°OH HOH HOH

satisfying two conditions as given in Section 1.

We can be even more explicit in the case of a quasi-Hopf comonoid H. We have
comonoid morphisms p: HOH —H, j:I—H and s: H° — H together with

comodule morphisms

oa:n 0O (p°(sD1H))D—>jD and B: (p°(1g0s)? O e —j"
H°OH HOH®

satisfying two conditions. From our earlier observations about composing a comodule with

an f;or a gD, weseethat n O (p°(s01y)yisjust n=H:I—+F—H with coaction
..

DH H<§>

and (p°(150s)” O e isjust e=H:H —f—1 with coaction
HOH®

1

Q
/

H

Therefore the condition that a and P are comodule morphisms is that they are morphisms

a and B :H—1 in ¥ satisfying
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4

The other two conditions on a and B are:

)
y

It is now easy to see that a quasi-Hopf algebra is precisely a quasi-Hopf comonoid in ¥ =
VectP, the dual of the category of vector spaces and linear functions. The reader can refer to
[Maj; Section 2.4, page 62-63] for the definition of quasitriangular quasi-Hopf algebra; to obtain
a definition of quasi-Hopf merely drop the "quasitriangular" element and the two axioms
involving it; also he omits to explicitly say that the antipode should be an algebra
antimorphism.

To digress a little, we should also point out that a quasi-Hopf algebra is a one-object
example of a Hopf Vect-algebroid. Moreover, for any Hopf 7*algebroid #, the convolution
structure (see [DS; Proposition 19, page 143]) on the P functor V-category [H , Vj,] is right
autonomous: the tensor product is pointwise and dualization M —— M* is given by M*C =
(MSQ)*.

Return now to M = Comod(?). We wish to apply the formal representation theory of
Section 4 to this M.

We need to identify the 1};,-category Rep(C) for any comonoid C in . The objects are
right C-comodules M with right duals in ¥ (Proposition 5.1). The ¥j;,-valued hom object
Rep(C)(M,N) = M*°N =N E M* is determined up to isomorphism as an equalizer

oooie g
Rep(C)M,N) 00~ UM,N) aysfafefsfs o~ UM,NOQ),
(3,NOC)-(-0C)

where we write UX,Y) for the internal hom in 1} the equalizer is induced by the

isomorphisms of the form UX,Y) OYOX* when X has a right dual. So we can think of
Rep(C)(M,N) as the "object of right-C-comodule homomorphisms from M to N". (When

V is the category of complex vector spaces, Rep(C) is the complex-linear category denoted by
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Comod(C) in [JS3].) Notice that each comonoid C can be canonically regarded as an object of
Map(M;1) by augmenting C with the counit map €:C— 1.
This puts us in a position to apply Theorem 4.1. We highlight only a couple of cases

which have occurred already in the literature. If H is a quasi-Hopf comonoid in % then p:
HOH-—H, j:I—H and s: H°—— H are comonoid morphisms and so commute with

the counit map; so we are in the position of Theorem 4.1 (iv). It follows that the forgetful (or
"fibre") V-functor wyy: Rep(H) — 1}, is "multiplicative" [Maj] or "quasi-strong-monoidal",
meaning that it preserves the unit and tensor product up to ¥ natural isomorphisms but

these isomorphisms are not required to satisfy the coherence conditions for a monoidal 7+
functor.
The other case is the more special case of a Hopf algebra H. Here the multiplication is

associative so that @ :p°(p01) O p°(10p) is an identity. It follows that Theorem 4.1 (v)
applies, implying that w: Rep(H) — T}, is a strong monoidal P-functor.
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