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ABSTRACT
We introduce morphisms ¥ —— 9/ of bicategories, more general than the original ones of Bénabou.

When ¥ =1, sucha morphismis a category enriched in the bicategory 9. Therefore these morphisms can
be regarded as categories enriched in bicategories "on two sides". There is a composition of such enriched

categories, leading to a simple kind of tricategory Caten whose objectsare bicategories. It follows that a
morphism from 9 to W in Caten inducesa 2-functor 7-Cat —— -Cat, while an adjunctionbetween ¥
and 7/ in Caten inducesonebetween the 2-categories 7-Cat and W-Cat. Left adjointsin Caten are
necessarily homomorphisms in the sense of Bénabou, while right adjoints are not. Convolution appears as

the internal hom for a monoidal structure on Caten. The 2-cells of Caten are functors; modulescan also be

defined, and we examine the structures associated with them.

1. Introduction

For any monoidal category M = (M, O, I) we have the notion of a category
enriched in M (or an M-category), along with the notions of M-functor and M-natura,

transformation. The totality of all these things constitutes a 2-category M-Cat; see [B2],
[EK], [K2]. Appearing in [B1]is the notion of what is now called a monoidal functor ® :
M — M', consisting of a functor @ : M — M', a morphism @,:I' — @I, and a
natural transformation @, having components @, x y: @XO'@Y — @(X O Y), with

these data satisfying three "coherence" axioms. A monoidal functor @® induces a 2-
functor ®: M-Cat — M'-Cat which we may think of asa "change of base". Further
introduced in [EK]is the notion of a monoidal natural transformation o : ® W : M
— M' providing the 2-cells for a 2-category MonCat. The process sending M to M-
Cat and ® to @ extends to a 2-functor ( );: MonCat — 2-Cat.

The nature of adjunctions W —® : M — M' in MonCat was determined in [K1].
Indeed, the monoidal W =W, Wy, Y,) : M—— M' admits a right adjoint in MonCat
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precisely when the functor @ : M — M' admits a right adjoint in Cat and all the
morphisms Y, Y,.x y are invertible. We note, without going into details here, that
we can repeat the above with monoidal categories replaced by the more general
promonoidal categories of [D1].

Our primary concern in the present paper is with a different generalization. To give
a bicategory / with a single object [ is equally to give the monoidal category M =
Y(0,0; and such a v is called the suspension M of M (although often one speaks
loosely of "the bicategory M ", meaning the bicategory M ). Around 1980 it was

observed that certain important mathematical structures can be fruitfully described as
categories enriched in abicategory ‘V, or V-categories. There is a 2-category 1-Cat of T+
categories, T-functors, and P*natural transformations, which reduces to the 2-category
M-Cat above when ¥ =ZM has one object. (No real ambiguity arises in practice from

the fact that (ZM)-Cat is another name for M-Cat.) Categories enriched in a bicategory
were first treated in print in the articles [W1], [W2] of Walters, who acknowledges earlier

notes [Btl]on the subject by Renato Betti (also see [Bt2]). A little later, more complete
and systematic treatments of the 2-category 7-Cat were given in [St3] and [BCSW].

Familiarity with the basic results concerning 7*Cat contained in those papers is not a
prerequisite for reading the present paper, since these results recur as special cases of our

results below. Finally, we mention that Bénabou's fundamental paper [B3] on
bicategories already contains, under the name of polyad, the definition of a T category

for a general bicategory 7 — this, however, not being developed further except in the

case V=3IM

The present investigation began as the study of "change of base" for categories
enriched in bicategories. Given bicategories 7 and 7/, we seek a notion of "morphism"
F : V— W that will induce, in a well-behaved functorial way, a 2-functor Fy: 9-Cat
— W-Cat. A first idea, since it reduces when 7 and W are suspensions of monoidal
categories M and AN to a monoidal functor @ : M — A/, is to take for F alax functor
F: V— W (that is, a morphism of bicategories in the terminology of [B3]). Recall that
such an F takes an object X of ¥ to an object FX of W), and comprises functors Fyy :
V(X,Y) — W(FX,FY), along with arrows Fg.x : 1gx — Flx and arrows Fy, ¢ ,: Ff 0' Fg
— F(f 0 g) natural in f and g and subject to coherence conditions: here 0O and O'
denote horizontal composition in ¥ and W, respectively. Certainly such an F does
indeed give a 2-functor Fp: 1.Cat — W-Cat with 15=1 and (HF)j=HF_, just asin
the more classical special case where V=M and W= A, However the following

consideration led us to look for "morphisms”" % —— W between bicategories that are
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more general than lax functors.

When the lax functor F : ¥ —— 9 is such that each functor Fyy : Y(X,Y)
— W(FX,FY) admits a right adjoint Ryy in Cat and such that all the arrows F, y,
F,.¢ . are invertible, it turns out that the 2-functor Fp: V-Cat — W-Cat admits a right
adjoint FUY: M.Cat— 7 Cat. Yet there is in general no lax functor G: W— 1 here
for which G OFY  There will, however, be such a G among the more general

morphisms we shall now introduce. (Note. A lax functor F: ¥— W with all the Fy

and all the F, . invertible was called by Bénabou in [B3] a homomorphism of
bicategories; we shall also call it a pseudo-functor from ¥V to W.)
We obtain a type of "morphism” F: ¥—— T, more general than a lax functor, as

follows. Instead of the function obF:ob?%—— obW which forms part of a lax functor F,

we take instead a span

obV e&&_D S D%—» obW ;

and instead of the Fyy : VY(X,Y) — W(FX,FY) we take functors Fg : V(s_,t.)
— W(s,, t,), along with appropriate analogues of Fy,x and F,; ,. With these new
morphisms and the evident notion of 2-cell, we get a bicategory B whose objects are the
bicategories (in some universe); and we further get, as desired, a 2-functor ( )5: B — 2-
Cat sending 7 to 7Cat. In fact, we see at once that the 2-functor ()q is representable:
writing 1 for the "unit" bicategory with one object, one arrow, and one 2-cell, we find
that B(1, 7) O 7-Cat (at least as categories — for B asyethas no 3-cells). This suggests
a totally new point of view: a morphism F: ¥—— %W in B may be thought of as a
category enriched in V on one side, and in ‘W on the other; or better, a category
enriched from v to W. To accommodate this point of view, we use instead of F a

letter more traditionally used for a "category”, such as 4 : V— W, with

obV «—EﬁiD obA D%a obW

for the span above, and

A(A,B): V(A_,B_) — W(A,,B,)

for the earlier F, . Bicategories, unlike categories, are often named for their
morphisms; we shall use Caten for the B above, since its morphisms are enriched
categories.

We begin our formal treatment in the next section, defining Caten as a bicategory,
giving examples of its morphisms, and discussing its basic properties. Then in Section 3

we add the 3-cells, exhibiting Caten as a tricategory of a very special kind, which is
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almost a "3-category”. The reader in fact needs no prior knowledge of 7*Cat, since we
re-find it below as the 2-category Caten(1, 7); and the "change of base" 2-functor 7-Cat
— W-Cat arising from A4 : ¥ — W in Caten is nothing but the 2-functor

Caten(1, V) — Caten(1, W) given by composition with 4. Section 4 exhibits a
monoidal structure on Caten and describes the internal homs Conv(?V, W) when v is

locally small and P is locally cocomplete. Local cocompletion is studied in Section 5,

and used in Section 6 to compare Caten with a generalization PCaten in which the
morphisms ¥ —— W are now procategories. Finally, we turn in Section 7 to modules

between categories enriched from v to W.
Before going on, we make some comments about questions of size, such as the

distinction between small and large sets, or small and large categories. For the purposes
of this Introduction, one may be content to interpret such symbols as the Cat, M-Cat,

MonCat, 2-Cat, 7.Cat, and Caten above purely in a "metacategorical” sense: we are
merely talking about certain kinds of structure, with no reference whatever to matters of

size; and observing that, for instance, in this context Cat and MonCat are 2-categories,
while 2-Cat is a 3-category that may be seen merely as a 2-category, whereupon M
— M-Cat is a 2-functor MonCat — 2-Cat. When, however, we leave the mere

naming of structures and embark upon concrete mathematical arguments, which are to
be free of Russel-type paradoxes, we need a safer context, such as is provided by
supposing that the morphisms of any category — or equally the 2-cells of any bicategory
— form a set. And by a set here is understood an object of a chosen category Set of sets
— meaning a 2-valued Boolean topos with natural-number-object — large enough for
the purpose at hand: moreover, being "large enough" includes the existence of another
category set of sets, called the category of small sets, which is a category-objectin Set
(also called a category internal to Set).

Now, by "a category A" is meant a category-objectin Set ; itis locally-smallif each
A(A,B) is small, and is smallif obA is small; in particular the category set is locally
small. Similarly a bicategory — or in particular a 2-category — is one internal to Set ,
and it is small when its set of 2-cells is in set ; while an M-category or a T-category 4
has obA OSet, being smallif obA Oset.

We write Cat, M-Cat, 2-Cat for the 2-categories of categories, M-categories, or 2-
categories (these last really form a 3-category) in the sense above. But now the category
Set is not itself an object of Cat, since ob(Set) isnot a set. Yet nothing is lost by this,
since the meaning of "set" can be flexible (if one admits the existence of arbitrarily large
inaccessible cardinals). For Set is an object of the 2-category CAT of category-objects in

a larger category SET of sets, containing Set asa category-object. Similarly 2-Cat is an
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object of the appropriate 2-CAT (or 3-CAT), and so on. Itsuffices, of course, to discuss
Cat and 2-Cat, since whatever is true of these (in the appropriate language) is also true
of CAT and of 2-CAT.

So we continue to understand "category" and "bicategory" in the internal-to-Set
sense above, writing "large category" or "large bicategory" for those internal to some
larger SET; and we turn now to a precise definition of that version of the tricategory

Caten which is basedon Set:in the sense that its objects are the bicategories — meaning
those internal-to-Set ones — and each morphism 4 : ¥ — 7 in Caten has

obA4 OSet .

2. The bicategory Caten

2.1 We suppose the reader to be familiar with the bicategory Span (= Span(Set)) whose
objects are sets, whose hom-category Span(X,Y) is Set/(XxY), and whose composition
law is that formed in the obvious way using pullbacks (defined in Set by the usual

canonical construction); see again [B3]. Given a function f: X —7Y, we write f5: X

— Y and fJ: Y — X for the respective spans
f
X.0oxm-y, yoboxob.x.
There is an adjunction f;— f" in Span, and in fact [CKS]every left adjoint @: X —Y

in Span is isomorphic to fq for a unique f: X —Y.

2.2 Let ¥ and W be bicategories in which horizontal composition is denoted by 0 and
0" respectively. A category A enriched from V to W, orjust acategory A:V— W,

is given by the following data:
(i) aset obA of objects of A, provided with functions ( )_,( ), asin

obV eﬁf&*D obA D([aj ~ obW; (2.1)
equivalently, we are given a span (obA4,( )_,(),):ob¥— obW:

(ii) for each pair A, B of objects of A, a functor

A(A,B): V(A_,B.)—— W(A,,B,) ; (2.2)

(iii) for each object A of A, a morphism (providing "identities")
nA: 1A+ - /Q[(A/A)(lA_) (23)
in W(A,,A));



(iv) for each triple A, B, C of objects of A4, a natural transformation (providing

"composition")

Mac: 0" (A(B, Q) x A(A,B) O AA, QD :

YB_,C)xV(A_,B)— W(A,C,), (2.4)
whose component at (g, f) DY(B_, C_) x V(A_, B_) we may write as
U/EC (g, f) : AB,O(g) O'"A(A,B)(f) — A(A,O (g O f). (2.5)

These data are to satisfy the following left unit, right unit, and associativity axioms:

w° (1, f)
A(B,B)(1,) 0" A(A,B)(f ) ——— =A(A,B)(1, Of)
n 01 A(A,B)()
1. 0" A(A,B)(f) : = 7(A,B)(f) (2.6)
o (F,1, )
A(A,B)(f) D’ﬁl(A,A)(lA ) . - = A(A,B)(f DlA_)
10'n A(A, B)(1
A
A(A,BYO D" 1 : = 4(A,B)(f) (2.7)
+ T

(A(C,D)h) 0" AB,0O)(g) O" A(A,B)(f) —a>ﬁl(C,D)(h) O0'(AB,C)(g) O A(A,B)(f))

Hy (b, g) 01 10'u,° (g, f)
(A(B,D)(h O g) O' A(A, B)(f) A(C,D)(h) O ﬂv{(A,C)(gD f)
n P D) p, b g0f)
AA,D)((hO g Of) ST - ﬁl(A,D)(th (g0 £)) (2.8)

1

wherein a, [,7 and a',[', r' denote the associativity and unit constraints in 7 and

W respectively.



2.3 Examples

(@) When % is the unit bicategory 1, a category 4 from v to W is in effectjusta W-
category in the sense of [St3] and [BCSW]: the function (), : ob4 — ob7 sends each
AOA to its underlying W-value, and A(A,B) : 1 — W(A,, B,) is the hom-arrow
A(A,B): A, — B, in W, while u and n provide the composition and its identities.

(b) Among the categories A enriched from ¥ to W are those for which the span (2.1)

is of the form

obV <—|EI1@ 0 ob? D(D)[Tﬁob‘W, (2.9)

so that in particular obA4 = ob?. Such A4 are precisely the lax functors F: V— W,
where FX =X , and where Fyy=A4(X,Y): UX,Y) — MWFX, FY).

(c) We spoke in the Introduction of the case where a lax functor F: ¥— W has the
Fo,x, Fa, ¢ invertible, while each Fyy: UX,Y) — MEX,FY) has aright adjoint Ryy :
MEFX,FY) — UX,Y) in Cat. Here we obtain as follows a category B enriched from
W to V. The objects of B are those of ¥, and for the span (2.1) we take the span

obW eﬁbﬂ% O obB=o0b¥? Dlﬂ ~ob? ;
for the functor B(X,Y) we take Ryvy; the unit 1y — Ry (1gx) is the transpose of
Fo;x_l : Fyx x (Ix) — 1gx under the adjunction Fy x — Ry x; and the composition
O (Ryz X Ryy) — Ry 0" isthe mate (see [KS]) of F2_1: Fy, O — 0" (Fyz X Fxy)

under the adjunctions Fyy— Ryy and Fy;XxFyy — Ry 7z X% Ryy.

(d) When ¥Y=3M and W =3A for monoidal categories M and A/, to give a lax

functor F: ¥— 9 is just to give a monoidal functor @ : V— W.

(e) The general category A enriched from M to ZA/, however, does not reduce thus
to a monoidal functor M—— A. It is given byaset ob4, along with functors A(A,B) :

M—— N for A,BOobA, morphisms n,:1' — A(A, A)(I), and morphisms uAB,C(Y, X)

: A(B,C)(Y) 0" A(A,B)(X) — A(A,C)(YOX) for X,YOM, satisfying the appropriate

axioms.

(f) As a particular example of (e), let C be an ordinary category provided with actions
°:CxM—C and O: NxC— C



of the monoidal categories M and A, in the usual "to within isomorphism" sense;
and let there further be coherent natural isomorphisms P O(A °X) O (POA) ° X, so
that C is an "left A-, right M-bimodule". Finally, suppose that each - OA : Al — C
has a right adjoint [A,-]: C—— A[. Then we get a category A enriched from =M to
A, asin (e), by taking obA =o0bC and A(A,B)(X)=[A,B °X].

2.4 Given bicategories ¥ and W and categories 4 and B enriched from 7 to W, a

functor T: A—— B enriched from V to W, or simply a functor T: 4 — B, is given
by the following data:

(i) a morphism
() obA

\()L

ob? obT obW

‘mon?/i

of spans; that is, a function obT : obA4 — obB, for whose value (obT)(A)

(2.10)

we in fact write TA, satisfying the conditions
(TA)_=A_, (TA), =A, ; (2.11)

(ii) for each pair A, B of objects of A, a natural transformation
Tag : A(A,B)— B(TA,TB) : UA_,B_)— W(A,, B,) (212
whose component at f01(A_, B_) we may write as
Tog(f) : A(A,B)(f) — B(TA,TB)(f). (2.13)

These data are to satisfy the following two axioms, expressing the compatibility of the

Taop with the identities and composition. First, we require commutativity of the
following diagram in the category TW(A,, A.):

TA A(lA )

n
Iy, —=A(A, A)1, ) ———== B(TA, TA)(1, )

1(TA)+ n = B(TA, TA) 11y -
Ta - (2.14)

Secondly, we require commutativity of the following diagram of natural



transformations (between functors from V(B _,C )x YA, B ) to W(A +C))e

B
Ha c
0'(AB,C)x A(A,B)) = 71(A,C) O
D'(TBCX TAB)l TACD
0" (B(TB, TC) x QB(TA,TB))T»QS(TA, TC) O
IJ'TA, TC (2.15)

which may equally be written, in terms of the (g, f)-components for gO¥(B_, C_) and
fOU(A_, B_), as the commutativity of

B
N L&)
A(B,C)(g) 0" A(A,B)(f) = A(A,C)(gOf)
\ T Of
T (0T, (® a8 0f)
B(TB, TC)(g ) O' B(TA, TB)(f) — = B(TA,TC)(g Of) . (2.16)
HTA, Tc(g’f)

2.5 Examples

(@) When 7 here is the unit bicategory 1, so that 4 and B are just W-categories, a
functor T:4 — B isjust a W-functor in the sense of [St3]and [BCSW]; in particular, it
is just an A-functor [EK] when W=3H.

(b) Consider the case when A and B both arise as in Example 2.3(b) from lax functors:
say from the respective lax functors F, G: ©/— W. Then we necessarily have obA4 =
obB =0b¥, and the function obT of (2.10) must be the identity; so that (2.10) becomes
the assertion that FX = GX for all objects X of 4. Here, therefore, the natural

transformations (2.12) have the form

TXY : F XYy G XY (V(X,Y) - W(FX,FY) = W(GX, GY), (217)
with component at fO0UX,Y) a2-cellin W of the form
Txy(f) . FXY (f)—’GXY(f) (218)

When we rewrite (2.18) as



1
FX — (GX

F(f)¢ TD(f) ¢ G(f)
XY

FY ——— QY

4

(2.19)

and recall the axioms (2.14) and (2.15), along with the naturality of (2.19) in f, we see

that such a functor T: 4 — B isjust what has been called an optransformation [B3; p.
59], a right lax transformation [St0; p. 222], or an oplax natural transformation [KO; p. 189],
with the extra property that each component Ty : FX — GX is an identity.

(c) When the 7 and 7 in (b)are of the forms M and >N\ for monoidal M and N,

we observed in Example 2.3 (d) that to give such lax functors F and G is just to give
monoidal functors ®, W : M — A, In this case (2.17) reduces to a single natural

transformation T :® — W : M — A, and the axioms (2.14) and (2.16) are just the

conditions for T to be a monoidal natural transformation in the sense of [EK; p. 474].

2.6 We henceforth denote a category A4 enriched from ¥ to W by using the arrow
notation 4 : 7 — W, and look upon a functor T: 44— B: V— W asa2-cell of the

form

Aa

— T

17 ] T w ;
\_/

B (2.20)

we sometimes, as here, use a double arrow for such a T, to emphasize its "dimension"

— but have no fixed rule about using double or single arrows. There is an evident
"vertical" composite ST: 4— C: V— W of T: 4A— B:V— W and S: B— C
: V— W, as well as an evident identity 1,:4—— A : ¥— W, so that the categories
enriched from % to W and the functors between these constitute a (large) category
Caten(V, W).

Then, for bicategories ¥, W, U, it is straightforward to define a "horizontal

composition" functor

o= o Caten(W,U) x Caten(V, W) —— Caten(V,W). (2.21)

‘v
We describe this first at the object level: categories 4: ©V—— W and C: W— U have
a composite C° 4 :V—— U where ob(C° 4) is the span composite
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/\/\

ob¥

¢ (2.22)
so that
ob(C°A) = {(C,A)OobCx0bA0OC_=A_} (2.23)
with
(C,A)_=A_ and (C,A),=C,, (2.24)
and where

(C°A(C,A),([C,AY)) : UALA')— UC,,C,)
is the composite

V(A_,AQ) O ’%(‘E‘ 'DAg)a W(A,, AQ)=MW(C_,C@) O %(%’Sgl U(C,,CQ), (2.25)

the identity

Nc,a) - 1(C,A)+ — C(C,O)(A(A,A) (1(C,A)_ )
for C° A being given by the composite

1. 015~ ¢(C,C)c )=C(C,C)1, ) O G590 C(C,C)AA, A1, ), (2.26)

and the composition

B aner, an  0"(C(C,CY) A(AL A x C(C,C) A(A,A) — C(C,C) A(A,A") D

for C° A being given by the composite

e o (A(AQA) X A(A, AQ)
O"(C(COC")xC(C, C©)(ﬁl(A© "YxA(A,AQ) O D D 0000000 -

C(C,C"OQAAQA")xA(A,AQ) O D D D ﬁﬁ - C(C,C"A(A,A")T; (2.27)

verification of the axioms (2.6) — (2.8) is immediate. Next we define the horizontal-

composition functor ° on morphisms, its value S°T:C° A4 —D° B in the

situation
i C
e e
V OT W BE U
\_/ \_/
B D
being given on objects by
(S°T)(C,A) = (SC,TA), (2.28)

while the "effect on homs"
(5°T) ¢ a)c' an: (C°AC,A),(C',A)) — (D° BY(SC, TA), (5C', TA"))

is the natural transformation given by the horizontal composite

11



SceMpa:CC,CHYA(A,A) — DSC,SC') B(TA, TA") ; (2.29)
that these data satisfy the axioms (2.14) - (2.15) is immediate. Finally, it is clear from the

Wﬂ of (2.21) is

definition of (vertical) composition in Caten(V,W) that the operation o y

indeed a functor.

In the situation

vod.wob.uok. z,
the only difference between (E° C)° A and E° (C ° A) is that the objects of the first are
triples ((E,C),A) with E. =C, and C_=A
(E,(C A)) having the same properties. So we have an associativity isomorphism
a:(E°0)°A— E°(C°A) (2.30)
which is clearly natural with respect to functors T: 4 — B, S: C— D, and R: E

.+, while the objects of the second are triples

— % Moreover, the isomorphism, (2.30) clearly satisfies Mac Lane's pentagonal
coherence axiom.

Finally, there is an identity category 14): V—— 1 for each bicategory ¥, given by
the identity span on ob? and the identity functors UX,Y) — MUX,Y). The categories
A° 1y and 1,,° A differ from A :9—— W only in the names of their objects, an object
of 4° 1y for instance being a pair (A,X)0obA x ob¥ with A_=X. So there are also

natural isomorphisms
[:1,V°/‘Zl%/‘7[, re A°1,— A4, (2.31)

which clearly satisfy the usual coherence axiom involving a, /[, and .

Proposition 2.6 The data above constitute a (large) bicategory Caten with bicategories
as its objects and with the (large) hom-categories Caten(V, W). There is an evident
"forgetful” pseudo-functor ob:Caten — Span sending a bicategory ‘V to its set ob¥ of
objects and a category A :V—— W to the span obA.

In Section 3 we shall provide Caten with 3-cells, turning it from a bicategory (with

the italic name Caten) to a tricategory with the bold-face name Caten .

2.7 We now examine the adjunctions in the bicategory Caten . First consider a lax
functor F: ¥ —— W, giving as in Example 2.3 (b) a category A : ©/— W, and suppose
that

(i) the morphisms Fy,x and F, ¢, are invertible (so that F is a pseudofunctor) and
(i) each Fyy: UX,Y) — MFX,FY) has a right adjoint Ryy in Cat.

Then we obtain, asin Examples 2.3 (c), a category B: W—— V. In fact we shall now see

12



that B is right adjoint to A4 in Caten. The object span of B° A consists of the set
{(X,X) OFX =FX'} together with the two projections, and there is an evident functor

n : 1y — B°A which is the diagonal on objects and for which the natural

transformation

n XY - 1 q/(X/ Y) - (@ ° ﬂ')((xl X) ; (Y/ Y))/ or n XY - 1 KV(le) - g(X/ Y) -ﬂ-(X/ Y)/

is just the unit 1 — Ry y Fxy of the adjunction Fyy— Ryy. Again, the object span of
A° B is in effect

obF obF
ob? ~00 0 ob¥ 000 - obW,
although an object of 4°B is more properly, by (2.23), a pair (X, X) with XOob?. There

is an evident functor € : A°®B —— 1., which is obF on objects and for which the

natural transformation €y x) (yy) : (1° B)((X,X),(Y,Y)) — 1,W(FX,FY), or €(xx)(vy) :

AX,Y) BX,Y) — Loptex py)- 18 just the counit Fyy Ryy——1 of the adjunction Fyy —
Ry y . Finally the triangular equations for n and € follow at once from those for the
adjunction Fyy— Ryy, confirming that we do indeed have an adjunction n ,€:4 —
B: W— ¥V in Caten .

In fact the adjunctions above are, to within isomorphism, the only adjunctions in
Caten. For,if n,e:4— B: W— ¥ is an adjunction, application of the pseudofunctor
ob : Caten — Span gives an adjunction obA — obB in Span. So, as we noted in

Section 2.1, the span ob?«— obA — obW may, after replacement by an isomorph, be
supposed to be of the form

1 f
ob? 80 ob¥ M - obW,

so that, asin Example 2.3 (b), A arises from alax functor F with obF =f; and the span

obW «— obB — ob?¥ may, again after replacement by an isomorph, be supposed to be

of the form
obF 1
obW 000 ob¥? M - ob¥,

so that the B(X,Y) have the form Ryy: MFX,FY) — UX,Y). Now n and ¢

provide us with adjunctions Fyy— Ryy. Moreover the composition p for B reduces
to morphisms O (Ryz X Ryxy) — Ryz 0', whose mates under the adjunctions Fy; —
Ryz and Fy;xFyy— RyzxRyy are morphisms v :Fy, 0 —0O' (Fy, X Fyy), which
are easily shown to beinverses to the p : 0" (Fyz % Fyy) — Fxz 0, whose components
are the F ¢ .; the argument in the monoidal case of one-object bicategories is given in
[K1]. Finally, asimilar argument shows the invertibility of Fj.x, which completes the

proof.
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Proposition 2.7 A category A: V—— W has a right adjoint in Caten if and only if it

arises from a pseudofunctor F and each of the functors Fy vy : V(V,V')
—— W(FV,FV'), which we also write as AV, V') : V(V,V') — W(AV),A(V")), has
a right adjoint.

2.8 We now exhibit a canonical decomposition of a general category 4: ©V— W in
Caten. We have the function ()_:o0bA —— ob?. Define a bicategory Z with obZ =
obA bysetting Z(A,B) = MUA_,B_) and by using the composition in vV to define one in
Z, and similarly for identities. We have of course a lax functor L:Z—— ¥ which is in
fact a pseudofunctor, and more: Log : Z(A,B) — V(LA,LB)= V(A_,B_) is actually an
equality of categories. As such, it has of course a right adjoint R,p : V(LA,LB)
— Z(A,B), which is itself an equality. Let us write L : 2 —— 1 for the category

determined by L, and R:V—— Z for its right adjoint given bythe R, . Now observe
that there is a category B:Z—— W, whose object span obZ o obB o'W obw s

obA4 oo obA4 D([Iﬁff—»ob‘W, and whose effect-on-homs B(A,B) : Z(A,B) —

MWA, ,B,) isjust A(A,B): UA_,B_)— MA,,B,); of course B too arises from (let

us henceforth say that B is) a lax functor Z—— . Moreover the composite

B
‘VD%'—»ZDD—»‘T/V (2.32)

is isomorphic to 4 : V— W; one could say thatitis 4, exceptthat, by our definition
in Section 2.6 of ob(B° R), the latter is not obA but the diagonal {(A,A) 0 AlobA4 }.

Proposition 2.8 Every category A : V—— W admits an isomorphism A 0B° R
where R: V—— 2 is a right-adjoint category whose R(V,V')are equivalences, and

where B:Z—— W is a lax functor. Furthermore, this gives a factorization system on

Caten in the sense (see [CJSV] for example) appropriate to bicategories.

2.9 We have a principle of duality, in that there is an involutory automorphism of

bicategories

( )o : Caten —— Caten (2.33)
given as follows. First, for a bicategory ¥, we set
9" = q/op (2.34)
in the usual sense, whereby 1°P(X,Y)= UY,X) and the composition
Q9 : 9YOP(Y,Z) x VP(X,Y)— VP(X,Z)
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is the composite

VEZY)xV(Y,X) 0VYX)xV(ZY) 00 vzx). @35
(Note in particular that (ZM)°P = Z(M'V) for a monoidal category M; here M™V is
M as a category but with A 0™ B = B 0 A.) Now for a category 4: V— W in
Caten, we define 4 : V" —— W'" by setting ob(A4 o) =o0bA as spans and with ﬁlo(A,B)
: VOP(A_,B_) — W°P(A,,B.) equal to

AB,A): V(B_,A_)— W(B,,A,). (2.36)

Similarly, for a functor T: 4— B: V— W, we set ob(T °) = obT and take
(T)ap: A°(A,B)— B°(TA,TB)
to be
Tga: A(B,A)— B(TB,TA). (2.37)
Note that A° would not be an appropriate name for A4° because, when we have a

W-category A :1—— W, the usual meaning of A°P is the composite

10f - wee 0B w (2.38)

for a suitable isomorphism H of bicategories (often of the form XD for a monoidal

isomorphism D : M —— ). Similarly, tensor products of W-categories arise from a
homomorphism Wx W— W.

3. The tricategory Caten

The very name "functor” for the 2-cells of the bicategory Caten naturally leads to
the expectation that there should be 3-cells called "natural transformations". We now
introduce these, which provide the 3-cells turning the bicategory Caten into a

tricategory Caten.

3.1 Given bicategories ¥ and W, categories 4, B: ©V— W, and functors T,S: 4
— B, we now define the notion of a natural transformation o :T — S, which we
may also write as

a:T—S: A— B: V— W
to present the information succinctly. There is no real need to speak of such a natural

transformation as "enriched from v to " : since the categories 4 and B are so

enriched, the functors T and S are necessarily so, as is the "natural transformation" o .

Such an o is a function assigning to each pair A, B of objects of A a natural
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transformation (in the usual sense)

dap ¢ A(A,B) — B(TA,SB) : A_, B_)— W(A,, B,), (3.1)
whose component at f01(A_, B_) we may write as
o, () : A(A,B)(E) — BTA,SB)(f), (3.2)

subject to the condition that, for all fOW(A_, B_) and gOWB_, C.), we have

commutativity in the diagram
a @O0O'T (6
B C A B

A(B,C)(g) 0" A(A,B)(F) = B(TB,SC )(g) 0" B(TA, TB)(f)
! TB
S C(g) O'a B(f) uTA’SC(g,f)
B(SB,SC )(g) O' B(TA, SB)(f) = = B(TA,SC)(g O f) (3.3)
uTA,sc(g'f)

of the category W(A,,C,).

The (classical) natural transformations a, g above (which themselves have the
components 0,g(f)) might be called the two-sided components of the natural
transformation o:T——S: 4 — B: V— W alongside these, it is useful to introduce
what we might call the one-sided components, or simply the components, of such a
natural transformation o, which provide an alternative way of describing o . For each
A OobA, the (one-sided) componentof a is the morphism

ap 1y, — B(TA,SA)(1, )
of W(A,,C,) given by the composite

n O(AA(lA )
1,, 00 - AA,A)1, ) 000000 - BTA,SA)1, ). (3.4)

Using (2.14), (2.6), and (2.7) as well as (3.3), we observe that these components make
commutative the diagram

[ -1 o O'T (f)
A(A, B)(f) —==1. 0" A(A,B)()) ——L2 = B(TB,SB)(1, ) O’ B(TA, TB)(f)
-1 -

r w ™ (0
AA,B)(f) O 1, TA,SB P~
s (HO'a B(TA,SB)(1_Of)
A B A B
¢Q¥(TA,SB)([)
B(SA,SB)(f) 0" B(TA,SA)(1, )——== B(TA,SB)(f 01, ) ——=B(TA,SB)(f)
A_ “TiASB(f' 1A_) A_ B(TA  SB)() (3.5)

each leg being the morphism a4 g (f).
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Conversely, given a family of morphisms o, : Ip,— B(TA,SA)1, ) in W
making (3.5) commutative, upon defining o, g (f) to be the diagonal of the square (3.5),
we easily see that each a , p is natural and (using (2.8) and (2.16)) that each leg of (3.3) is

equal to the composite

° a Of
A(B,C)(g) DCA(A,B)(f) O umﬁ S AA,Q(gOf) O DA&(gD D) - B(TA,SC)(gOf); (3.6)

moreover the composite (3.4) gives back o, , as we see using (2.14) and (2.7). Thus a
natural transformation o :T ——S: 4 —— B may equally be defined as a family of (one-
sided) components o 5 satisfying (3.5).

It is of course the one-sided components o, that correspond to the familiar o, :
TA — SA for a classical natural transformation, or to the somewhat less familiar o, : I
— B(TA,SA) when T,S: A4 — B are M-functors for a monoidal category M; while
in the classical case a g : A(A,B) — B(TA,SA) takes fOA(A,B) to the common
value of S(f) a, and og T(f) . In the present generality, although we find it convenient
to refer both the o, and to the a,, itis the former that we use in our basic
definition: essentially because the o ,p are simply described as classical natural

transformations, while it would require a lengthy diversion to establish the existence

and properties of certain "underlying ordinary categories” B, , (TA,SA) containing as

morphisms the o, : 1, — B(TA,SA)(1, ).

3.2 We now describe a category Caten(V, W)(4,B) whose objects are the functors T: 4
— B and whose arrows o : T — S are the natural transformations. The composite
B : T—R of a:T—S and P :S—R is defined by taking the (one-sided)
component (), to be the composite

OCx
ek 1, 0@, 0O RAEEA _ Bsa, RA)(1, ) O@B(TA,SA)(1, )
(3.7)

SA
rprala 1a ) B(TA

00000000 BTARA) 1, 01, ) 000 FANE . gera, RA)(1,) ;
given the coherence of a, [, r and a', [', r', the associativity of this composition
follows at once from (2.8). Again, we obtain a natural transformation 1;:T—T : 4
— B on taking (Ip)p: 1o, — B(TA,TA)(1,_) tobe Ny, ; for when weset S=T and
O =N7a in (3.5), it follows directly from (2.6) and (2.7) that each leg equals T g(f). That

1y is the identity for the composition above also follows at once from (2.6) and (2.7).

Note that the two-sided component (11)5pg of 11 is Tpp: A(A,B) — B(TA,TB).
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3.3 We now go on to show that we have a (large) 2-category Caten(V, W) whose
underlying category is Caten(V, W) and whose (large) hom-categories are none other
than the Caten(V, W)(A4, B) of 3.2. We must extend the vertical composition

Caten(V, W)(B, C) x Caten(V, WN(A, B) — Caten(V, MW)(4, C)
of the bicategory Caten by defining it on natural transformations

a:T—S5:4—3B y:P—Q:B—C

in such a way as to obtain a functor

Caten(V, W)(‘B, C) x Caten(V, W)(A, B) — Caten(V, W)(A, C). (3.8)
To this end, we define the composite

yoa:PT—QS: 4—C

by taking for its two-sided components (y a), g the composite natural transformations

A(A,B) O 118 - B(TA,SB) 0 U4 - c(PTA,QSB) . (3.9)

The reader will easily verify the commutativity of the diagram (3.3) for y a , using the
commutativity of the diagram (3.3) for a and that the diagram (3.3) for y not only
commutes but has the y—version of (3.6) as its diagonal.

The proof that (3.8) is indeed a functor is complicated by the fact that we found it
convenient to use one-sided components in the definition (3.7) of vertical composition
in the 2-category Caten(¥, W), but to use two-sided components in the definition (3.9)
of horizontal composition. The following is a fairly short proof using the partial
functors of (3.8).

First, note from (3.9) and two applications of (3.4) that the one-sided component

(y o), is the composite

1
1, 0T - B(TA,SA)1, ) o st C(PTA,QSA)(1, ). (3.10)

Let us write Pa : PT—PS for 1pa and yT : PT— QT for y1y. Since (lp)ra sa, as

we saw in Section 3.2, is Pra ga, (3.10) gives:
(Pa), is 1, O - B(TASA)1, ) DA C(PTA,PSA)(1, ). (3.11)
Again, since (1p)p = N 1A, (3.10) and (3.4) give:
(YT)a is Yra:la, 00~ C(PTA,QTA)1, ). (3.12)

In particular, either of (3.11) or (3.12) gives
1ply ( = Plp = 1,T) = lpp. (3.13)
Now we verify the functoriality of
(T — PT, o — Pa ) : Caten(V, W)(A, B) — Caten(V, W)(A4, O).

In fact, it preserves identities by (3.13), and is easily seen to preserve composition by
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(3.11), (3.7) and the diagram (2.16) for P. Next, the functoriality of
(P —PT, y — yT): Caten(V, W)(B, C) — Caten(V, W)(A, C)
is immediate from (3.12), (3.13), and (3.7). It now remains to show that these are indeed

the partial functors of (3.8), in the sense that each triangle in

PT PO ps

yT ya yS

QT =Q5
Qo (3.14)
commutes. If we use the top leg of (3.5) to express y 5 ga in terms of y g5, and so to

express (y a), in terms of a, and Yy g4 using (3.10), we find that this is precisely the
composite ((y S){Pa)), given by (3.11), (3.12), and (3.7). Similarly, if we use instead the
bottom leg of (3.5) to express y 1 ga in terms of y 5, we find that
(v @), =((Qo ) XaT))y -
To complete the proof that Caten(?, W) is a 2-category, it remains only to verify the
associativity and the unit laws for the horizontal composition. In fact, this associativity
is immediate from (3.9), as is the fact that the natural transformations 1, 2t 1 q 1 g act

as horizontal identities.

3.4 We now extend the functor (2.21) to a 2-functor

° = oq‘/wu : Caten(W, U) x Caten(V, W) —— Caten(V, W) . (3.15)

Given natural transformations
a:T—P:A— B:Y— W and B:S Q:C D:W— U,
we define the natural transformation
B°a : S°T—Q°P:C°A—D°B:V— U
by taking the (classical) natural transformation
B°d)c,a), o, : (CZAC,A),(D,B) ——(D° B)(SC,TA),(QD,PB))
to be the horizontal composite
Bcpaap @ C(C,D)A(A,B) — D(SC,QD) B(TA,PB) (3.16)

of (classical) natural transformations. The commutativity of (3.3) for B°a follows easily

from its commutativity for B and for o, using (3.16) along with (2.27) and (2.29), so that
B°a isindeed a natural transformation S°T — Q°P. To complete the verification
that we now have a 2-functor (3.15), it remains to show that ° preserves both
horizontal and vertical composites of natural transformations, as well as the horizontal
and vertical identities. For the horizontal identities and composites, this is immediate

from (3.16) and (3.9). In order to deal with vertical identities and composites, it is
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convenient to transform (3.16) using (3.4), to obtain the one-sided components of B °a ;

in the light of (2.26), we easily obtain
SC C)
1o 01 - DSC,Q00c ) =DSC,Q0N1, ) BEH5IP ~ mxsc o) B(TA,PA)(1, ))(3.17)

as the value of
lca), U (T% ODO( ECD@ - (D B)(SC, TA),(QD, PB))(1(c a)_) - (3.18)

Now, using (2.26) and the result (1), =N 74 from Section 3.2, it is immediate from
(3.17) that ° preserves vertical identities; while, using (2.27) and (3.7), it is immediate

from (3.17) that ° preserves vertical composition.

3.5 To conclude the proof that Caten is a (large) tricategory (of an especially well-
behaved kind), it remains only to verify that the isomorphisms a : (E° C)° A — E°
(€°A), [:1y°A— A, and r: A° 19— A of (2.30) and (2.31) are not only natural
but 2-natural. This is immediate since, as we saw in Section 2.6, these correspond to a

trivial re-naming of the objects of these categories.

3.6 More needs to be said about the well-behaved kind of tricategory exemplified by
Caten. The structure is what one obtains by taking the "local definition" of bicategory as

given in [B3; pp. 1-6] and replacing the hom categories by hom 2-categories, the

composition functors by composition 2-functors, and the unit and associativity natural

isomorphisms by unit and associativity 2-natural isomorphisms; let us call such a

structure a bi-2-category. (In fact, every such tricategory is equivalent to a 3-category
[GPS; Corollary 8.4].) Similarly, we can rewrite, at this higher level, the notions of lax
functor (= morphism of bicategories), of pseudofunctor (= homomorphism), of lax
natural transformation (= transformation), of pseudo-natural transformation, and of
modification, while retaining the same terminology. Thus we may speak of
pseudonatural transformations between pseudofunctors from one bi-2-category to

another.

4. A monoidal structure on Caten, and convolution

4.1 Bicategories are algebraic structures and therefore there is a cartesian product Ux ¥

of two bicategories U, V. This is the product, in the usual categorical sense, in the

category of bicategories and strict structure-preserving morphisms. It is not the
bicategorical product in the bicategory Caten: the categories Caten(W, U x V) and
Caten(W, U) x Caten(W, V) are generally not equivalent. However, the cartesian

product of bicategories is the object-function of a pseudofunctor
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— x—: Caten x Caten — Caten (4.1)
making Caten into a monoidal bicategory (see [GPS], [DS], [McC; Appendix A]). The
definition of the pseudofunctor on arrows and 2-cells is the straightforward pointwise
one; and it can be extended in the same pointwise way to 3-cells: for a: T —S: 4
—C:V— 7" and B:P—Q:B— D: W— W' we have

AxXB:TXP—SxQ:AxB—CxD: VxW— 1V xW
where
(axB)ap), (ap) = 0aaxBgp : AA,A")xBB,B") — C(TA,SA") x D(PB,QB").
Now the value of (4.1) on the hom-categories extends to a 2-functor
—x— : Caten(?, V') x Caten(W, W') — Caten(Vx W, V' x W', (4.2)
and the coherent constraints of the pseudofunctor become 2-natural. The associativity
and unit constraints
(UxV)xWODUxVxW), 1 xY07V Vx1 O (4.3)
are the evident ones, and clearly satisfy the appropriate coherence conditions. Thus
Caten is a monoidal tricategory of a particularly simple kind: for example, (4.1) extends
to a pseudofunctor Caten x Caten — Caten in the sense of Section 3.6. In view of the
evident isomorphism
UxVYOVxU, (4.4)

the monoidal structure is symmetric.

4.2 Before discussing the extent to which this monoidal structure on Caten is closed, we

need to introduce some further notions related to size. Recall from [BCSW] that a
bicategory W is said to be locally cocomplete when each hom-category W(W,W') is

cocomplete (that is, admits small colimits) and each functor W(f,g) preserves small
colimits. (In view of our terminology in Section 3.6, a locally cocomplete bicategory

could be called a "bi-cocomplete-category"; however we shall retain the established

term.) A bicategory v is locally small when each hom-category WV,V') isa small

category (at least to within equivalence).

4.3 Given bicategories ¥ and W, can we find a bicategory Conv (¥, W) such that to
give a category 4 : U x V—— W isequally to give a category 4 : U — Conv (¥, W) ?
The name Conv (7, W) was chosen for this "internal hom" because we shall see that its
horizontal composition is given by a convolution formula closely related to [D3].

Since the object span for A : U x ©V—— W has the form

(()_,0)g)

oblU x ob? 000 YO oba Dﬁ_)ﬂjq obW, (4.5)

and since to give such a span is equally to give a span
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bl 10 b 0UHTH . obwx obTW, (4.6)
we are led to take
obConv (¥, W) = ob¥Vx obW 4.7)
and
ob4 = ob4 (4.8)
with (4.6) providing the object span for 4. Next, to give functors
A(A,B): U(A_,B_)x UA,, By) — MA,, B,) (4.9)
describing the effect-on-homs of A is equally to give functors
A(A,B): UA_, B.)— [UA,, By), WA, B,)] (4.10)
where square brackets denote the functor category; here (4.9) and (4.10) are connected by
A(A,B)(E,g) = A(A,B)O(), (4.11)

along with a similar equation for morphisms a:f—f" in U(A_,B_) and B:g— ¢
in UA;, By). Accordingly we are led to take
Conv (V, W)((V,W), (VW) = [V(V,V"), W(W,W], (4.12)
with 4(A,B) and A(A,B) related as in (4.11).
To give the identities for A is, by (2.3), to give for each A in obA a morphism
Ny ila, @ AA A1, 15,) = AA,A) 14 )(1y,) - (4.13)
We want this to be the same thing as giving for each A a natural transformation

Na : liag,a,) - A(A,A)1,_); (4.14)

and we can achieve this when the category UA,, A() is locally small and 7 is locally
cocomplete by taking for the identity 1y ) in the bicategory Conv (%, W) the functor
NV, V) — MW, W) given by

Ly wyf) = V(V,V)(1y,f)* 1y, (4.15)
where, for aset A and a morphism w:W — W' in W, the morphism Aew is the
coproduct in W(W,W') of A copies of w. For then to give an T, as in (4.14) is
equally to give a natural transformation

V(Ao Ag)(1a,,~) T~ WAL, AL, AA, A1 (),

and hence by Yoneda to give a morphism n, asin (4.13).

Finally, we have the composition law for A, given by components

uflc((f,h),(g, k)) : AB,CO)(f,h)0 A(A,B)(g, k) M - A(A,CO)(fJg,hTk) (4.16)

natural in f OU(B_,C.), h OUB,,Cy), gOU(A_,B_) and k OUA,,B,); here we have

abandonned our notational distinctions between the horizontal compositions in the
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three bicategories U, V, W, denoting each by an unadorned . We want the giving of

such a natural p to be equivalent to the giving of components

1, (6,8) - AB,C)0) T AA,B)(g) (I AA,C)(EDg) (4.17)

in the functor category [UA,, Cy), WA, , C,)], natural in f and g, where O denotes
the (yet to be defined) horizontal composition in Conv (¥, ). We can achieve this
when ¥ is locally small and W is locally cocomplete by defining the composition in
Conv (V, W) as follows. The functor

O:[Yv,Vv"), WW' , W) x [V, V"), WW,W")]— [V(V,V"), WW,W ")] (4.18)
is described on objects by the convolution formula

. h OY(VeV"), k OV(V,VO
POQ = J’ YV, V'YhOk,-)s (P(h)OQKk)); (4.19)

that such a formula does describe a functor is classical — for example, see [K2; Section
3.3]. Now to give (4.17), natural in f and g, is to give components
V(Ag,Co)hOk,-)« (AB,O)f,h) 0 A(A,B)g k) I - A(A,C)(f0g,-))
natural in f, g, h, and k: which is equivalent by Yoneda to the giving of (4.16).
Notice that the formula (4.19) says that P 0 Q is the (pointwise) left Kan extension

of the composite

VVOV@x YV, VOO L2 WWOW@x WW, W0 Do WW W

along the functor 0 : Y(VOV@xV(V,VO @ - VY(V,V@. Similarly, (4.15) says that

Loy wy: V(V,V) — W(W,W) is the left Kan extension of 1y :1— W(W,W) along
1y :1— Y(V,V). Note, too, that Conv (¥, W) is, like ¥ and W, an honest bicategory

— one internal to Set.

Proposition 4.3 Consider bicategories V and W with V locally small and W locally
cocomplete.  There is a locally-cocomplete bicategory Conv (V, W) defined by (4.7),

(4.12), (4.15) and (4.18), and having certain canonical associativity and unit constraints

described below. There is a family of isomorphisms

Caten( Ux V. W) O Caten( U, Conv (¥, W))
of 2-categories, pseudonatural in TUDOCaten, given on objects by (4.8), (4.11) and the
bijections N ~—— N , W <+ U described above. In particular, taking U= 1 gives a
canonical bijection between categories enriched from 4V to W and categories enriched

in Conv (¥, W).

Proof We begin with a "several-object" version of the calculations of [D1; pp. 19-20]; a
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more detailed account in the case where 9 and W are suspensions of monoidal
categories appears in [IK]. We first need to produce the coherent associativity constraints
for the composition (4.18). The fact that colimits commute with colimits and are
preserved by — 0 w, along with the Yoneda isomorphism and the definition (4.19), give

us a series of isomorphisms

m, n

(POQ)OR :J' VYV, V@ (mOn,-)* ((POQ)(m)OR(n))

k

0 J’m’an(v,V@@(mDn,—)-(Ih' PVOV@h Ok, m)e (P(h) 0 QK) 0 R(n))

n, h

m//
)

0 J’n' h k‘V(V,V@((h O0k)On,-)e ((Ph)OQk))IR(N)). (4.20)

" (V(V,V@(m On,-) x V(VOV@(h Uk,m))+ (P(h) 0 Q(k)) OR(n))

In the same way, we have

POQURD In' h/k‘V(V,V@@(hD(an),—)o (P(h) 0 (Q(k)OR(n))) (4.21)

By (4.20) and (4.21), the associativity constraints for 9 and W give associativity

constraint for Conv (¥, W); moreover, the coherence pentagon for the latter constraint

follows from the corresponding pentagons for the former ones. Similarly for the unit

constraints; using (4.15), we have for PO[Y(V,V'), W(W,W ")] the isomorphisms

h, k
POlyw = [ PV,VOMTK)e (Ph) T 1y (k)

h, k
[ VYV, VOhOk,-)« (Ph) O (V(V,V)(Ay, k) * 1))
h, k
0O [ (VV,VOhDk,-)xV(V, V)1 k)« (Ph) 0 1))

0 J’h’k V(V,VQhO1,,-)(P(h)O1,),

so that the right-unit constraints for 7 and 7 give the desired right-unit constraint
POlyw O P
for Conv (¥, W). Similarly, the coherence triangle relating the unit and associativity
constraints follows from those for % and W. Thus Conv (¥, W) is a bicategory, which
by (4.12) and (4.19) is clearly locally cocomplete.
We need to show that the datafor 4: U x ©V— W satisfy the axioms (2.6) — (2.8) if
and only if those for A : U — Conv (¥, W) do so. This follows easily when, for

instance, we extend the discussion in Section 4.3 of the relationship between p f c and
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H f c to establish a bijection between natural transformations

(A(C,D)(f) T A(B,C)(g)) U A(A,B)(h) I - A(A,D)(fOg)Th)
and natural transformations
(A(C,D)(f,u) 0 A(B,C)(g,v)) 0 A(A,B)(h,w) [0 - AA,D)(f0g)Oh,(ul v)Ow).
So we do indeed have the object bijection 4 «—— 4 for a pseudonatural isomorphism

of 2-categories

Py g gy Caten(Ux VW) O Caten(U, Conv (V, W)). (4.21)

To save space, we leave it to the reader to complete the description of the
isomorphism (4.21), showing that to give a functor T: 44— B: Ux V— W is equally
to give a functor T : A—— B: U — Conv(¥, W), and similarly for natural

transformations, with these bijections respecting all types of composition: the
calculations, although alittle long, are straightforward, and the reader will see that they
basically depend on the compactness (sometimes called the autonomy) of the monoidal

bicategory Span and the cartesian closedness of Cat. Finally, the reader will easily

verify the pseudonaturality in U of the isomorphism (4.21). Q.E.D.

From general principles applied to the pseudonatural isomorphism (4.21), we see

that Conv can be made the object-function of a pseudofunctor into Caten from the full

subtricategory of Caten® x Caten consisting of the pairs (7, W) of bicategories
satisfying the conditions of Proposition 4.3; this construction is the essentially unique

one forcing pseudo-naturality of the isomorphisms (4.21). Again from the same kind of
general principles, the pseudo-naturality in the locally small U and %, and in the
locally cocomplete w, implies a biequivalence of the bicategories Conv(Ux 7V, W) and

Conv(U, Conv (¥, W)). In fact, however, we have a stronger result: a direct calculation,

which we leave to the reader, gives a pseudonatural isomorphism
Conv(Ux V. W) O Conv(U, Conv (V, W)) (4.22)

of bicategories.

4.4 Finally, we note the special case given by Conv (ZM,ZA), where M=(M,°,]) is a

small monoidal category and N = (N, °, I) is a cocomplete one for which N O- and

—-ON preserve small colimits. It is immediate that

Conv (M, 3N) = = [M, N], (4.23)
where [M, A[] is the functor category provided with Day's "convolution monoidal
structure" ([M,N],0,K) asin[D1]. Thus K= M(]J,-)-1, while
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PUQ = jh'k MhOk,-) « (P(h)OQ(K)). (4.24)

5. Local cocompletion of bicategories

5.1 We say that a category A : V— W is alocal left adjoint when the functor A(A,B) :
V(A_, B_) — W(A,,B,) has aright adjoint for all objects A, B of A. This is the case
in particular when A is a left adjoint in Caten (see Proposition 2.7). We write
Lla(V, W) for the full sub-2-category of Caten(?¥, W) consisting of the local left adjoint
categories A : V— W.

5.2 Suppose V and W are locally cocomplete. We say that a category 4: V— W is
locally cocontinuous when each of the functors A(A,B): Y(A_,B_) — W(A,, B,)
preserves small colimits. This is the casein particular when A is a local left adjoint. If
the homs of 1/ are presheaf categories — that is, of the form [K°P, set] for some small

category X (see below) — then every locally cocontinuous A : ¥ —— W is a local left

adjoint.

5.3 Recall that set denotes the category of small sets. For a small category X, let PX
denote the presheaf category [K°P, set], with Y = Yg: K— PK for the Yoneda
embedding. Suspending the cartesian monoidal category set gives the locally
cocomplete bicategory Zset, and for each locally small bicategory 4 we define a new
locally-cocomplete bicategory PV by setting
PV = Conv(V®, Iset), (5.1)
where V®, as usual, is the dual of ¥ obtained by reversing 2-cells, so that V®(V,V') =
UV, V"')OP. Since the bicategory Zset has only one object, we may identify ob(?P?) with
ob?* and then (4.12) gives
(PV)(V,V') = [NV,V')P, set](V,V') = P(V(V,V)), (5.2)
which may also be written for brevity as PV/(V,V') . By (4.15), the identity 1y of V in
PV, which we shall write as 1y to distinguish it from the identity 1y of V in 7, is
given by
Ty = UV, V)(=, 1y) = Yoy vly). (5.3)

Finally, by (4.19), we not only have commutativity to within isomorphism in
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PY(V', V") x PUV,V') >PY(V,V')
YXYT [] TY

V(V', V") x YV, V") - > VV,V') (5.4)

but in fact — see Section 3 of [IK] — the functor O here is the unique extension of
Y O - that is separately cocontinuous in each variable (or equivalently, separately left-

adjoint in each variable).

We reiterate that P7 is defined only for a locally-small . Observe that there is

then a category
Y=9y:V— 2PV (5.5)
which is in fact a pseudofunctor: it is the identity on objects, and its effect-on-homs
YV, V) UV, V) — (PV)(V, V")
is just the Yoneda embedding
Yo vy @ UV, V) —PUV, VY, (5.6)
whereupon (5.3) and (5.4) complete its structure as a pseudofunctor. This category Q’,V

has the following universal property; note that, by (5.2), the locally-left-adjoint categories

PV— W coincide with the locally-cocontinuous ones, for a locally-cocomplete .

Proposition 5.3 When 4 is locally small, the bicategory PV is defined, and the

functor
- ° Yy :Lla(PV, W) —— Caten(V, W) (5.7)

is an equivalence of 2-categories for each locally-cocomplete bicategory ‘W.

Proof Abbreviate 9, to 9. For any category B: PV —— W, the composite A=3° "
V— W has obA =o0bB by (2.23) — an isomorphism that we may take to be an equality
— while A(A,B) is by (2.25) the composite

V(A_,B_) Dg—» PV(A_,B_) O %(%'%)—» W(A,, B,). (5.8)

In terms of the identity n, for B, thatfor A, using the equality (5.4), is the composite
1o O - B, A)T, )=BA,A)Y(1, )= AAB)(1y ); (59)

and in terms of the composition p AB/ c for B, that for A, using the isomorphism (5.4),

is the composite
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B (Ye,Yf
A(B,C)(g) 0 A(A,B)(f) = B(B,C)(Yg) O B(A,B)(Yf) DUDATS(DgD )a (5.10)
BA,C)(Yg O Yf) O BA,CO)(Y(gOf) = A(A,B)(gOf).

Let us now show that the 2-functor (5.7) is essentially surjective on objects. Given a
category A* : ©V—— W, we construct as follows a locally-left-adjoint category B : PV
— W with 4 = B° 9 isomorphic to A*. We take obB tobe obA* and take
B(A,B) : PUA_,B_) — M(A,,B,) to be the left-adjoint functor — unique to within
isomorphism — whose restriction B(A,B)Y asin (5.8) is isomorphic to A4*(A,B). Now

(5.9) forces the value of the unit n, for B, and (5.10) forces the value of p AB c on the

representables (Yf,Yg); but this suffices to determine completely, by [IK;

B
|J'A,C
Proposition 3.1], since each leg of

BB,C)x B(A,B)
PY®B_,C )xPV(A_,B_) = W®B,,C,)x WA,,B,)

O [ Hic O

PY(A_,C ) = TW(A,,B,)
B(A,C)

is cocontinuous in each variable. That B satisfies the axioms (2.6) — (2.8) now follows
from the principles developed in [IK].

It remains to show that the 2-functor (5.7) is fully faithful. A functor T: B— B' :
PV —— W givesus S=T°9: 44— A", where A=8B°% and A' =B' ° 9. Clearly the
spans obS and obT coincide, while S,p is the restriction Tpp Y of the natural
transformation T,p along Y: UA_,B_)— PUA_,B_). When B(A,B) and B'(A,B)
are left adjoints, there is aunique T,p with TppY equaltoagiven Spp; and the Typ
satisfy the functorial axioms when the S, doso. Thus (5.7) is fully faithful at the level

of 1-cells; and a similar argument shows it to be fully faithful at the level of 2-cells, a
natural transformation o : T — R : B —— B' Dbeing uniquely recoverable from the
restriction of the natural transformation a,p : B(A,B) — B'(TA,RB) along Y :
MNA_,B_)— PY(A_,B_). Q.E.D.

6. Procategories

We shall describe an extension of Caten to an autonomous (also called "compact"
or "rigid") monoidal tricategory PCaten whose arrows are called two-sided enriched

procategories.
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6.1 We remind the reader of the bicategory Mod of modules (also called "profunctors”,

"distributors" or "bimodules"). The objects are (ordinary) categories (in our usual
internal-to-Set sense). The arrows M : 4 — B are functors M : BP x4 — Set.
Natural transformations 6 :M O N :‘B%P x4 —— Set provide the 2-cells 6:M 0O N: A4
— B of Mod; they are called module morphisms. Vertical composition of 2-cells is
vertical composition of natural transformations. The horizontal composite N M : 4

— Cof M: 44— B and N:B— C is given by the coend formula
B
(NM)(C,A) = [M(B,A)xN(C,B), (6.1)

and this is clearly functorial in M and N. Each functor F: 4 —— B can be identified
with the module F: 4 —— B having F(B,A) = B(B,FA), and this gives an inclusion
Cat — Mod. If idempotents split in B then the modules M : 4 — B with right

adjoints in Mod are those isomorphic to arrows in Cat — that is, to functors.
It is useful to have at hand the following observation, whose proof (involving two

applications of the Yoneda isomorphism) the reader will easily supply.

Lemma6.1 Let M: 4A— B and N: C— D be modules, and let T:A—— C and S :

B — D be functors, identified with modules as above. Then to give a module-
morphism 0 :SM — N T is equally to give a family of functions ©g, : M(B,A)
— N(SB, TA), natural in B and A.

The cartesian product A x B of categories defines an autonomous monoidal
structure on the bicategory Mod. The dual of A as an object of Mod is its usual dual
ACP as a category, in view of the canonical isomorphism of categories

Mod(C x 4, D) 0 Mod(C, A°P x D). (6.2)

6.2 Suppose 1 and W are bicategories. A procategory A: V—— W is defined in the
same way as a category from ¥ to W except that in (2.2) we take a module A(A,B):

V(A_,B_) — W(A,,B,) rather than a functor, with the consequent changes in the data
(2.3) and (2.4). Thus the unit (2.3) is now to be a module-morphism ny4 : Ia,

— A(A,A)1,_, where the functors 1, :1— MWA,,A,) and 1, :1— UA_,A))
are identified with the corresponding modules: so that, by Lemma 6.1, to give n, is

equally to give an element
NaOAA, A) (14, ,14), (6.3)
Again, since (2.4) is now to be a module-morphism uAB,C : 0" (4AB,C) x 4(A,B)) O
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A(A,C) O, where O' and O are functors, it becomes by Lemma 6.1 a family of

functions

MABC(wu;g,f): A(B,C)(v,g) x A(A,B)(u,f) — A(A,C)(vO' u,gh'f) (6.4)
natural in f0Y(A_,B_), gO¥Y(B_,C.), uOW(A,,B,), vOW(B,,C,). In this language,

the axioms (2.6) — (2.8) become the two equations:
A B, 1) (00 (U, wity , D)y, 8) = &, (6.5)
AAB)(r Y, 1) (s 1, 5,1, )E,n,)) = &, (6.6)

and (dropping the primes on 0') the commutativity of the diagram

AC,D)w,h) x AB,C)(v,g) x A(A,B)(u, f)

C B
uB,D/X/ NA’C

AB,D)wlv,hOg) xA(A,B)(u, f) AC,D)w,h) xA(A,C)(vOu,gOf)
uA],SD ME,D
AA,D)(wOv)Ou, (hOgOf) L» AA,D)(wOv)Ou,(hOgOf) . (6.7)

A(A,D)a, a)

6.3 For procategories A4 and B enriched from ¥ to W, afunctor T: 4 — B is
given by the same data as in Section 2.4, except that in place of (2.12) we now have a

module morphism

Tag : A(A,B)— B(TA,TB) : A_, B_)— W(A,,B,), (6.8)
consisting of components
Tag(u,f) : A(A,B)(u,f) — B(TA,TB)(u,f) (6.9)

for which the equation
TAA(1A+/1A_)(nA) = NtA (6.10)
holds and the following diagram commutes:

TB C(v,g) X T{;B(u,f)

AB,C)v,g) x AA,B)(u, ) — - = B(TB, TC)(v, g) x B(TA,TB)(u, f)
B TB
uA,C uTA, TC
AA,C)vOu,glf) = B(TA, TC)(vOu, gOf) . (6.11)

TA,C(VDu’ng)
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Functors T: A—— B and P:B—— C compose to give a functor PT: 4 —— C, where
(PT)pg(u,f) = Pyg(u,f) Tpg(u,f); (6.12)

and this associative composition has identities 1,: 4 — A, where (1), : A(A,B)

— A(A,B) is itself the identity module morphism.

6.4 For functors T,S : A4 — ‘B, a natural transformation o : T — S is a function

assigning to each pair A, B of objects of 4 a module morphism

Oap : A(A,B) — B(TA,SB) : A, B_)— W(A,, B,), (6.13)
with components
applu,f) : A(A,B)(u,f)— B(TA,SB)(u,f), (6.14)

subject to the condition (compare (3.3)) that the following diagram commute for all v, u,

g f:
S (v,g) xa (u,f)

AB,C)v,g) x AA,B)(u, f) = 28 o B(SB,SC)(v,g) x B(TA,SB)(u, f)
SB
GB,C(V’g) X TA/ B(u,f) UTA’ s
|J TB
B(TB,SC)(v, g) x B(TA,TB)(u, f) 450 = B(TA,SO)(vOu,gOf).  (6.15)

As in Section 3.1, we can equally describe a natural transformation o :T — S by giving

its one-sided components (or merely its components), which are the elements

GA = GAA(1A+/1A_)(HA) Dg(TA,SA)(1A+,1A_) ; (616)
indeed a family o, for AOobA so arises precisely when we have commutativity in
B % Tap(u,f)

A(A,B)(u, ) 2 AP 7B, SB)(1g,,15_) * B(TA, TB)(u, f)

SAB(u;f)XGA)/ \HTA SB

B(SA,SB)(u, £) x BTA,SA) 1, 1, ) B(TA,SB)(15, O u 1y Of)
TRy B(TA,SB)( "L, )
B(TA,SB)(uD 1, £01, ) = B(TA,SB)(u,f) , (6.17)

B(TA,SB)(r™!,7)
and then a,g(u,f) is the diagonal of (6.17).
Natural transformations a : T —S and B :S — R have a "vertical" composite

B : T— R whose components are given by
(Bm)A = HTA RA(lA /1A ; 1A /1A_)(BA/GA)/ (618)

while natural transformations a : T —S: 4 —— B and y:P—Q: B—— C have a
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"horizontal composite" ya: PT — QS defined by taking the homomorphism (y a),p
: A(A,B) — B(PTA,QSB) to be the composite

A(A,B) 0 L' - B(TA,SB) O Prass C(PTA, QSB). (6.19)

We leave the reader to verify that what we have described in Sections 6.2 — 6.4 is a (large)

2-category PCaten(V, W).

6.5 In fact, the PCaten(?, W) are the hom-2-categories for a (large) bi-2-category PCaten,
whose composition 2-functors

° = oZVﬂ : PCaten(7, U) x PCaten(V, W) —— PCaten(?V, U) (6.20)
we now define. We begin as with the definition of the functor (2.21). For procategories

A:V— W and C:V— U, the definition of C°A4 follows (2.22) — (2.25) precisely
(although of course the composite mentioned in (2.25) is that of modules, not of
functors); in place of (2.26) we take N o)0(C°A)(C,A),(C,A))(1¢,,15_) to be (see
(6.3)) the image

Nc,a) = [Nc.nal (6.21)
of the pair (n¢c,n,) under the coprojection

copr u
C(C,C)(Ac, 1 ) x A(A, A)1, 1,4 ) O O 0t [ CCOc, ,u)x AL, A)u, 14 );

and in place of (2.27) we take (see (6.4)) the family of functions
u (CRAQ
[ " 0(COC) (K, v) x A(AQA")(v, g) x C(C, CO(h, u) x A(A, AQ(u, f) O DT -

IW C(C,C")(k Oh,w)x A(A, A")(w,g O f) (6.22)

whose composite with the (v,u)-coprojection into the domain coend is the composite of

. . . . . C
a middle-four-interchange isomorphism, the function p_ g X U AAf,, , and the v O u-

coprojection. Given functors T:4—— B and S: C— D, wedefine S°T:C° A4 —

D° B on objects as in (2.28), while the "effect on homs" is induced on coends by the

functions
SCC'(h,U)XTAA'(u,f). (623)

It should now be clear how to modify (3.16) in order to define oZVﬂ on 2-cells.

To give a module A(A,B): V(A_,B_) — W(A,, B,) is equally to give a functor
W(A,,B,)°P x V(A_,B_) — Set, or again, to give a functor a5A,B) : Y(A_,B_) x
W(A,,B,)°P — Set. That being so, it is immediate from (6.3) — (6.7) that to give a
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procategory A : V— W is equally to give a category A7: ¥/ x W®— 5Set. Again, by
(6.8) — (6.11), to give a functor T : A — B is equally to give a functor TV. 26 — Bb.
while, by (6.13) and (6.15), to give a natural transformation o : T——S is equally to give
a natural transformation a?: T —— S8 Moreover, these bijections respect the various
compositions and identities which make up the 2-category PCaten(?, W) and the 2-
category Caten(?x W®, 3Set). However, we may not properly speak of the latter 2-
category, since ZSet is not a "bicategory" in our present sense: it is not a bicategory
internal to Set. We may however consider a larger category SET of sets, in which Set
is a category object, and form the tricategory CATEN of bicategory-objectsin SET,
related to SET as Caten is to Set. So what we have established is an isomorphism of 2-
categories
PCaten(V, W) O CATEN(Vx W®, 5Set ) (6.24)

for 1V, WOCaten. Of course CATEN has an "internal-hom" CONV(,Z) whenever
the U(A,B) liein Set and the Z(C,D) admit %:colimits for X a category-object in
Set; and in particular we have, for W[ Caten, an analogue

P*TW=CONV(W®, 5Set ) (6.25)
of PWW. Now the analogue of Proposition 4.3 gives:

Proposition 6.5 For 1, WUOCaten, there is an isomorphism of 2-categories
PCaten(V, ‘W) O CATEN(V. P*W) (6.26)
sending the procategory A: V— W to the category A*: V— P*W, given on objects
by
A*A,B)(f)(w) = A(A,B)(u,f),

and similarly on morphisms.

6.6 Many important bicategories are locally small; if we were content to restrict our
attention to these, we could have established a result like Proposition 6.5 without going

outside Caten. We first replace Mod by the bicategory mod of small categories and
small modules : such amodule M : 4 — B being a functor M : BP x 4 — set.
Then, for locally-small bicategories ¥ and W, a small protocategory 4 : V— W is
small module A(A,B): VY(A_,B_) — W(A,,B,). Proceeding as in Sections 6.2 — 6.5,

we obtain a tricategory pCaten of locally-small bicategories, small procategories,
functors, and natural transformations. In place of (6.24) and (6.26) we have

isomorphisms
pCaten(V, W) O Caten(Vx W®, 5Set) O Caten(V, PW) (6.27)
for locally-small ¥ and W.
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6.7 The analogue of Proposition 5.3 for the higher universe gives us, in an obvious

notation, an equivalence of 2-categories
CATEN(V, P*W) = LLA(P*V, P*W) (6.28)
for 9, WO Caten; composing this with the isomorphism (6.26) gives an equivalence
PCaten(V, W) =~ LLA(P*V. P*W) (6.29)

for 9, WO Caten; similarly, when 9 and W here are also locally small, we have an

equivalence

pCaten(V, W) = Lla(P*V, P*W). (6.30)

Proposition 6.7 The assignment 7V v+ P*V extends to a biequivalence between

PCaten and the subtricategory of CATEN consisting of the objects of the form P*V, the

morphisms which are local left adjoints, and all 2-cells and 3-cells. Similarly, the
assignment V +— PV extends to a biequivalence between pCaten and the

subtricategory of Caten consisting of the objects of the form PV, the morphisms which

are local left adjoints, and all 2-cells and 3-cells.

Proof The principle being the same in both statements, it suffices to prove only the
second. Itis a matter of showing that the equivalences (6.30) are compatible with the
compositions in pCaten and Caten. For this, suppose the procategories 4 : V— W
and C: W—— U are taken to the locally left adjoint categories B: PV—— PW and D:
PW—— PU; this means B°Y,;, 0A* and D°9;, OC* We need to see that C°4 is
taken to D°B; so we must see that D°B°Y,, O (C°A) * or in other words, that
D° A*% O (C°A)*. On objects this is clear since the spans for 4 and A* are equal, as are
those for C and D, and those for C°4 and (C°A4)*. On homs it follows from the fact

that mod is biequivalent to the sub-2-category of Cat consisting of the set-valued

presheaf categories and the left adjoint functors; more explicitly,
(C°ADH(C,A),D,B)(E)M) = (C°AC,A),D,B),f)
= I“ C(C,D)(h,u) x A(A,B)(u,f) = I“ CH(C,D)(u)(h) x A*(A,B)(f)(u)
O J'u D(C,D)W(C_,D_)(=,u)(h) x A*(A,B)(f)(u), (6.31)

this last since D° 9, OC #. However, the left-adjoint D(C,D) is the left Kan extension

of its restriction to the representables, so that, for any F: W(C_,D_)°%P — Set, we have
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6.9 There is an inclusion
Caten —— PCaten (6.32)

which is the identity on objects and uses the inclusion Cat — Mod to interpret every

category A : V— W as a procategory.

Proposition 6.9 Suppose that idempotents split in all the hom-categories of the
bicategory ‘W (that is, that ‘W is locally "cauchy complete”). A procategory A:V— W

has a right adjoint in PCaten if and only if it is isomorphic to a pseudofunctor.

Proof By an argument similar to the proof of Proposition 2.7 we see that 4: V—— W
has a right adjoint in PCaten if and only if the span obA has a right adjoint, the
composition [ and identity n are invertible as module morphisms, and each hom-
module A(A,B) has aright adjoint in Mod. This last means, since idempotents split

in M(A_,B,), that 4A(A,B) is isomorphic to a functor. So 4 is essentially in Caten.
Q.E.D.

6.10 Examples

(a) Among the objects of PCaten is Xset, and Proposition 6.5 gives
PCaten(1, Zset) 0 CATEN(1, P*(Zset)) OP*Zset)-CAT ;

moreover (6.25) and (4.23) give
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P*Zset) = CONV((Zset)®, Set) 0% [set°P, Set].
Thus
PCaten(1, XSet) O [set®P, Set]-CAT,

where the monoidal structure on [set®P, Set] is the cartesian one.

(b) A set X can be seen as a discrete category, or again as a discrete bicategory : in each

case the set of objects is X, while all morphisms and 2-cells are identities. For sets X

and Y seen as bicategories, to give a procategory A4 : X — Y is by (6.24) to give a
category X x Y — 3Set; and this is easily seen to amount to the giving of a (classical)
category |4, , foreach (x,y)OXx Y, or again to give a span (X—— |4 —Y) in
Cat. In fact the two tricategories obtained by restricting the objects of both PCaten and

Span(Cat) to sets are biequivalent.

(c) For each bicategory ¥ there is a functor I: ob?”—— ¥ which is the identity on
objects; asin Example 2.3 (b), this I can be regarded as a category enriched from ob? to
V. Yet there is also a procategory J: ©/— ob¥. Here again obJ is the identity span of
ob?. We need to define the module 7(V,W) : Y(V,W) — ob¥(V,W) for each V, W;
however ob?/(V,W) is empty unless V =W, and ob?/(V,V) is a singleton; so a
module V(V,V) — ob?(V,V) amounts to a functor V(V,V) — Set; we take 7(V,V)
to be the functor V(V,V)(1y,-) : Y(V,V) — Set represented by the identity of V:
IV = VV,V)(y,e).
Now nyO7(V,V)(1y) is the identity 2-cell of 1y, and the natural transformation

Hoy (e e): T(V,V)(e) x T(V,V)(e) — J(V,V)(e' Te)

. [P oc@lo
takes (0': 1y 0 e',0:1y 0 e) to the composite 1y 00 - 1y 01y O 0O 00 - e@J e.

In fact, as the reader will easily verify, J is just the right adjoint of I, whose

existence is guarenteed by Proposition 6.9.

(d) Examples (b) and (c) have the consequence that each procategory (and hence every

category) A: V— W has a "family of underlying categories" Ay . For we have the

composite

in PCaten and hence aspan [Jo Ao I|:0b%?—— obW in Cat. The objects of the category

|JoAoI| are easily seen to be the objects of A, while there is an arrow f: A — B in

|J0A01 only when A_=B_ and A, =B,, in which case f is an element of the set
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/‘Zl(A,B)(lA+, 14 ). We write Ay for the full subcategory of [Jo0AoI| consisting of
those objects A with A =V and A, =W, so that Ay w(A,B)=A4(A,B)(1yw, 1v).
In factwe have a trifunctor ob : PCaten — Span(Cat) whose effect on homs is the

pseudofunctor

PCaten(/, J) : PCaten(V, /) — PCaten(ob ¥/, obW) — Span(Cat)(ob ¥, obW).
Thus each functor T: 4 — B : ¥V — W gives an ordinary functor Ty : Ay w
— By w and each natural transformation o : T —S: 4 — B: ¥V — W gives a

natural transformation ay w: Tyw — Sy w-

6.11 The monoidal structure on Caten extends to PCaten, where every object gains a
dual. For itis clear that we can form the cartesian product 4 x B: ¥x U — Wx X of
procategories A4 : V—— W and B: U — X by taking the product of the spans on

objects and the product of the modules on homs; this easily extends also to functors and

natural transformations. As before the associativity and unit constraints are obvious.

Proposition 6.11 For any bicategories U, V, W, there is a pseudonatural isomorphism
of 2-categories

PCaten(U x

the reade

Proof The isomorphism is i

pseudonatural character. Q.E.D.

6.12 Proposition 6.11 should be co

on the autonomy of the monoidal bi

and the closedness of the monoidal bicategor

Cat(Ax3B,C) OC
Extending Remark 6.8, we point out t
with any closed monoidal in plac r, this works for
indeed the situation is better because Mod is autonomous: so that applying (6.33) at the
object level of a category A4 : U x V— W, and (6.2) at the level of homs, we are led to
the bicategory ¥®x M/ as internal hom in PCaten without any requirement of local

cocompleteness on W.

6.13 Expanding on Example 6.10 (b), we shall show how to regard procategories as special

spans between bicategories. Let us begin with a procategory 4 : ¥/—— 9 and construct a
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bicategory E and functors (= strict morphisms of bicategories)

‘VHE)_TD ED%_»‘VV. (6.35)

The objects of E are the objects of A. The hom-category E(A,B) is the two-sided

category of elements (in the sense of [Stl]) of the module (= profunctor) A(A,B) :

V(A_,B_) — W(A,,B,); so a morphism (u,a,f): A —B in £ consists of

uOW(A,,B,), fOV(A_,B_) and aOA(A,B)(u,f), and a 2-cell (¢,0) : (u,a,f) O

(u',a',f') consistsof 2-cells € :u 0 u' in Wand o:f O f' in 7V for which
A(A,B)E, (@) = A(A,B)(1,0)(a).

Horizontal composition O : EB,C) x E(A,B) — E(A,C) is given by

(v,b,g)0(u,a,f) = (vOu, u[fc(v,u;g,f)(b,a),g adf),
(6.36)
€vbEo0) =CE 1o).

The identity morphism of A is (1 ANyl A_). The ssociativity and unit constraints are
uniquely determined by the condition that we have functors as displayed in (6.35), where
€¢,0): (u,a,f)0 (u',a',f'):A—B
in £ goesto 0: f0 f':A_—— B_ in Yunder ()_, and goesto &: u u': A,— B,

in W under ( ),.

Conversely, any span (6.35) of functors between bicategories, for which each span
MW(A,,B,) Lo E(A,B) O O Y(A_,B_) (6.37)

of functors between categories is a 2-sided discrete fibration from W(A,,B,) to

MA_,B_) (in the sense of [Stl1]), is isomorphic to one constructed as above from a

procategory.

7. Modules

We would expect there to be a good notion of module M: 4 — B: ¥V — W
between two-sided enriched categories. For categories enriched in a bicategory on one
side, the definition and properties can be found in [St3] and [BCSW]. Indeed, equipped
with the convolution construction of Proposition 4.3, we have a mechanism for turning
the one-sided theory into the two-sided. However the two-sided definition is itself quite
natural, and leads to new phenomena such as the behaviour of modules under the
composition of two-sided enriched categories. We also need to keep in mind that our
enriched categories here are generalized lax functors, so that modules give generalized
transformations between lax functors; observe the increase in generality from the

enriched functors of Example 2.5(b) between such categories, to the enriched modules of

38



Example 7.4(a) below.

7.1 Suppose A, B are categories enriched from vV to W. A module M: 4A—+— B

consists of the following data:
(i) for objects A of A and B of B, a functor
M(B,A) : Y(B_,A_)— ‘VV(B+,A+);
(ii) for objects A, A' of 4 and B of B, 2-cells

M(B, A/)\A(\A' A)g)

B Al

M(@B, A)g O f)

(7.1)
in W natural in f0V(B_,A") and gOV(A'_,A_);
(iii) for objects A of A and B, B' of B, 2-cells
BB, B')(f) M(B', A)(g)
[P A Bg, f)
B M @B, A)(g O H 72)

in W natural in f07(B_B'_) and gO¥(B'_A_);
which are to be such that the five diagrams (7.3) — (7.7) commute.
HA%(g, g) ol
(AA, A)(g) O AA", A")(g')) OMB, A")(f) —=A(A", A)(g O g' ) OM(B, A")(f)
a¢D )\BA;(ng',f)
A(A", A)g) O (AA", A")(g') DM(B, A")(f)) M @B, A)( (g0 g')Of)

A"
10A BA,(g,f)i 0 M(B, A)a)

AA', A)g) OM(@B, A')g Of) — =M (B, A)gO(g' Of))
A A(g,g'Df)

(7.3)

AA (1A,f)
AA, A1, ) O M(B,A)(f)BA—‘>M(B,A)(1A 0f)

n O 1T lM(B,A)([)
A

1A+D M (B, A)(f) = M(B, A)(f)

(7.4)
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P (g, )01

(M(@B", A)(g) 0 BB, B")(')) 0 BB, B )(f)————= M (B, A)gD ') 0 BB, B )({)
a L O pBB;%(g Of',f)
M(B",A)g)O(B®B',B")f') 0 BB,B )(f)) M@B, A)((gOf')Of)
10u B‘; (', f) * 0| M(@B,A)a)
M(B", A)(g) 0 BB, B")(f' Of) — =M@B,A)gO(E 0f) (75
pBA(g,f' Of)
p® (f,15)
M(B, A)(f) O BB, B)(1, ) ““——s=M(B,B)(f 01; )
10n BT lM(B,A)(r)
M(B, A)(f) 0 1, 2 = M(B, A)(f)
* r (7.6)

A]{;’A(h, g) 01
(A, A)h) DM (B, A')(g)) O BB, B )f) ——= M®B',A)hOg)0 BB,B )

dm &pBB'A(hDg,f)
AA', A)h)O(M(@B', A')(g) O BB, B')(f)) M@, A)((hOg)Of)
10p (g,f)x D¢M(B,A)(a)
AA', A)h) DM B, A')g O f) =M@®B ANTEIH)) (77

"
AN (h,gOf)

7.2 Suppose M, N : 4 —f— B are modules, for categories 4, B: V— W. A module

morphism o:M—N is a family of natural transformations
dga: M(B,A) O N(B,A) : VY(B_,A_)— W(B,,A,)
for AOobA and BOobB, for which the two diagrams (7.8) — (7.9) commute.

A (g, f)
BA O
A(A", A)(g) OM(B, A')(f) = M(B, A)(g O f)
1o BA'(f) | O(BA(ng)
)\BAA(g’f)
A(A", A)(g) ON(B, A")(f) = N (B, A)(g O f) (7.8)
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pB (g, f)

M(B', A)(g) O BB, B )(f) ——— = M(B, A)(g O f)
a (g01 a (gOf)
e 0¥ (g, 6) BA
N (B, A)g) 0 BB, B )(f) —= = N (B, A)gOf) (7.9)

There is an obvious composition of module morphisms and we obtain a category

Mod(A4, B) whose objects are modules M : 4 —— B.

7.3 Suppose M: 44—+ B N:B—+—C, L:A4—1— C are modules, for categories
A,B,C:V—W. Aform
c: NMOL:A——C:V—W

is a family of 2-cells

ol (g, : M(B,A)(g) O N(C,B)(f) 0 LC,A)gOf) : C,— A

+ V4
natural in f0%(C_,B_) and g O¥(B_, A_), such that the three diagrams (7.10) - (7.12)

commute.

N
AN (h, )01
(AA, A)h) DM @B, A')(g)) 0 N(C, B)(f————= M(B, A)h O g) ON(C, B)(f)

aim ¢p§A(hDg,f)
A(A', A)(h) O (M(B, A")(g) ON(C, B)()) L(C, A)(hDOg)Of)
1Dpci,(g,f)$ D¢L(C,A)(a)
AA', A)h) OL(C, A')g Of) =L(CAMDDEDH) (710

—
\E (h,gOf)

P (h. 801
(M(@B', A)(h) O B(B,B')(g)) O N(C, B)(f) — = M(B, A)(h O g) ON(C, B)(f)

a&m &ofA(hmg,f)
M(B', A)h) O (BB, B')(g)) 0 N(C,B)()) L(C A)(hDg)Of)
B
10 CB,(g,w DxL(C,A)(a)
M(B', A)h) O N(C, B')(g O f) =L(CAMNDEON) (717

=
OCA(h,g Of)
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0P (h,g)01

(M(B, A)(h) O N(C',B)(g)) 0 C(C, C)f) —2—=1L(C', A)h Og) O CC, C)E
e |0 }p&(hﬂg,f)
M(@B, A)h) O (N(C',B)(g)) O C(C,C")f)) L(C,A)(hDOg)Of)
10p CC'B(g,fw U] 1L(C A)a)
M@B, A)h) ON(C',B)(g O f = L(C A)MIOgOf))
C'A

We write For(N,M ; L) for the set of forms o :(N,M) O L. In the obvious way, this
defines a functor

For : Mod(‘B, C)°P x Mod(4, B)°P x Mod(A, C) — Set. (7.13)
The functoriality of For(N,M ;L) in the variables M and N is given by substitution;
module morphisms o :M' — M and B: N'—— N can be substituted into a form o :
(N,M) O L toyield aform o(B,a): (N',M") O L. This is part of a general calculus of
substitution of forms in forms.

A representing object for the functor
For(N,M; -): Mod(4, C) — Set
is called a tensor product of N and M over B and is denoted by N OzM (or simply

N OM); then there is an isomorphism
Mod(4, C) (N DQM,L) O For(N,M;L) (7.14)

which is natural in N and is induced by composition with a universal form:
v: (N,MONOZM.

When tensor products over ‘B exist, there is a unique way of extending the assignment
(N,M) — N O4zM to morphisms which turns [, into a functor

Oz : Mod(B, C) x Mod(A, B) — Mod(A4, C) (7.15)

and makes the isomorphisms (7.14) natural in both N and M.
For each B: V—— W there is an identity module 1z: B—+— B, given by L4B,A)

= B(B,A), with the left and right actions given by the p for B. The tensor products
Iz;0M and NOIj; always exist, being given by M and N respectively, to within
coherent isomorphisms.
Module morphisms can be considered to be forms in one variable M, while the
forms above involve the two variables M and N. It is also possible to define forms
T: (KNMDOL
in three variables M: 4—}+—~38 N:8B83—+—C and K: C—+}+—> D, where L: 4

—+— D. In the case where For(K, N, M; -) is representable, we are led to a ternary
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tensor product KON O M. Substitution of universal forms leads to forms
K,NNM)OKIONOM and (K,N,M)O KON OM)
and hence to a canonical span
KON)OM«~——KINOM—KONIOM). (7.16)

Proposition 7.3 Suppose ¥ is locally small and W is locally cocomplete. If obB is

small then every pair of modules M : A4 —+— B, N :B—+— C has a tensor product

N OM. If further obC is small and K :C —— D, then the ternary tensor product
KONUOM exists and both of the arrows in the span (7.16) are invertible. There is a

bicategory Moden(V, W) whose objects are categories A : V— W with obA small,

whose hom categories are the Mod(A, B), and whose horizontal composition is tensor

product of modules.

Proof It follows from each of [St3], [BCSW], [DS] that this Proposition is true for the one-
sided W-enriched case; that is, where 9/ = 1. By Proposition 4.3 we have the locally-
cocomplete bicategory Conv(?¥, W) with horizontal composition POQ given by (4.19).
We can therefore apply the one-sided case with W replaced by Conv(¥, W). In the
notation of Section 4.3, it is easy to see that modules M : 4 —+— B: ©V—— W translate

precisely to modules M : Z—— B between Conv(?¥, W)-categories; furthermore, this
translation extends to forms. So the Proposition really follows from the one-sided case
and we have

Moden(V, W) O Conv(Y, W)-Mod . (7.17)
However, for the sake of completeness, we shall describe the tensor product N O M. For

AOobA and COobC we form the coequalizer (NO M)(C, A) of the pair of arrows

pO1
Y M(BOA) D B(B,BOUN(C,B) 5 3 = ¥ M(B,A)IN(C,B). (7.18)
B,BO 10A B

The left action for N OM is induced by the left action for M while the right action for
N OM is induced by the right action for N. The isomorphism (7.14) is easily deduced.
The construction of KON OM should now be clear. Q.E.D.

7.4 Examples
(a) Suppose A4, B: V— W are lax functors (see Example 2.3 (b)). Recall [B3] that a (lax

natural) transformation 1:3B-—— A4 is given by data as displayed below.
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B(B) P = a@)

B(f) DTf A(f)

B(A) - = A(A) . (7.19)
A

Given such a transformation T, we can define a module M : 4 —— B by letting the

functor
M(B, A) : VY(B,A) — W(B(B), A(A))
take f:B—— A to the lowerleg 1, O B(f) of the above square, and letting the actions

Ai(g D) 1 A(g) 0 M(B, A)(E) — M(B,A)g 0 ),

o2 (g, ) : M(B, A)g) O B(f) — M(B,A)g O f) ,

be the composites

104, (g, f)
Ag) O 1, DQS(f)DﬁDD—»T 0 B(g) O @(f)DDDEDADqu 0 B(gOf),

10 uPg, )
1, 0Bg)0 B OO DPDAD 0- 1,0 Bg0f),

where we have omitted the obvious associativity constraints. The verification that M is

indeed a module is routine.

(b) Suppose S: A— X, T: B— X are functors between categories enriched from ¥
to W. There is a module X(T,S): 4 —— B defined by taking

X(T,S)(B,A) = X(TB,SA): V(B_,A_)— W(B,,A);
with left and right actions

SA©

A(AQA)(g) O X(TB,SAO(f) O fix AT X(SAGQSA)(g) O X(TB,SAQ(f) O Pt X(TB,SA)(g O f),

TBO©
X(TBGSA)(g) [ B(B,BO(f) 0 1 shugii g X(TB©SA)(g) O X(TB, TBO(f) O P x(TB, SA)(g O f).
More generally, for functors S: 44— X, T:B— 9 and a module M : X 9,
there is a module M(T,S) : 4 —— B given by M(T,S)(B, A) =M(TB,SA) and by using

the actions of M for the actions on M(T,S). As particular cases, we put

SH=X(1y,9):4—F— X and SU=X(S,1,): X—— A, (7.20)
and note that we always have the ternary tensor product
TUOM O Sy = M(T,9) (7.21)

independently of any size or cocompleteness conditions. Taking S and T to be identity
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functors, we see from (7.20) that the modules X(1,,1,) are the identity modules I, of

Section 7.3; we henceforth write simply 1, rather than (1,)5or I,. For any functor S:
24— X, we have a module morphism

ng : 1,0 sP0 Sy (7.22)
consisting of the natural transformations S,p: A(A,B) O X(SA,SB). We also have a

form
s : (Sp, 8D O 1, (7.23)
consisting of the family of 2-cells

Hey (g ) © X(SA,Y)(g) O X(X,SA)E) T X(X,Y)(g O f).

Similarly there are forms
e 0Sp: (S, SP0 Sp O Sy and SPE ¢ : (SPO Sy, SY O sP (7.29)
consisting of the obvious families of 2-cells u. The module adjointness Sg— SUY is

expressed in our present multilinear context by the identities:

(es0S(1s,ns) =15, (ST ¢)ng,1gn) = 1gn- (7.25)

7.5 We now extend the definition of the composition (2.21) of enriched categories to

modules between these. Take modules

M: 42— B: v W and N:C—FH—D:W— U
There is amodule N°M: C°4 —+f— D°B: V— U defined by taking the functor
(N°M)((D,B),(C,A)) to be the composite

s A oMBY . we a)-mp ) oNBE

with the left action
A (C°A)(C,A"),(C,A))(g) O (N°M)(D,B),(C,A)f) — (N°M)((D,B),(C,A)(gOf)

given by the composite

- UD,,C,), (7.26)

A
C(C,CO)A(A", A)g)) O N(D,C)M(B,A)(f)) U - ND,O(A(A", A)(g) U M(B, A')(f))

O %(B’S)EHH N(D,C)(M(B, A)(g O f))
and with the right action
p: (N°M)((D',B"), (C, A)(g) O (D° B)((D,B),(D', B)(f) — (N°M)((D, B),(C, A)(gD )

given by the composite
N(D', ©)(M(B', A)(g)) O D(D, D')(B(B, B)(f)) T N, C)(M(B', A)(g) O B(B,B')(f))
O %(B’S)Eﬁ) ~ N(D,C)(M(B, A)(g O f)).

Given two module morphisms o : M — M' and B : N — N', we obtain a

module morphism B °a:N°M —— N'"M' by defining (B ° a)p pyc,a) to be the
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horizontal composite of ag, and Bp . Indeed, we obtain a functor
—-°=: Mod(C, D) xMod(A4,B)— Mod(C° A, D° B). (7.27)

Now consider the diagram (7.28) of modules, along with further modules P : 4
—+—Eand L:C—F— F

E

There is a function

—°— : For(K,N;P)xFor(H,M;L) For(K°H,N°M;P°L) (7.29)
taking forms 1: (K,N) — P and o: (H,M) — L to the form 1°0:(K°H,N°M)
. . . (D,B)
P°L defined by taking (T o 0)(F/E)’ ca)

(N°M)((D,B),(C,A))(g) O (K°H)((F,E),(D,B))(f) — (P ° L)(F,E),(C,A))(g O f)
to be the composite
T, (M(B, A)(g), H(E, B)(£))
N(D, C)(M(B, A)(g)) 0 K(F,D)H(EB)®) Db ooo00oooo-
B

P(F,C)(a, , (g,))
P(F,C)(M(B, A)(g) 0 H(E,B)(f)) 0 0 0 0 O'7 0 M — P(F,O)(L(E, A)(g O ).

(7.30)

Indeed, the functions (7.28) are natural in all six variables. Consequently, if the tensor
products HOM and KON exist, we cantake P=HOM and L=KON in (7.28) and

evaluate at the universal forms to obtain a form

@y (KPH,N°M)—— (KON)°(HOM), (7.31)

called the middle-four-interchange constraint. There are various naturality and
coherence conditions satisfied by the family of forms (7.31); however, we shall content
ourselves with the special, yet important, case where N and K are identities. We

obtain the following process of change of base for modules.

Proposition 7.5 Consider a locally small bicategory 4V and locally cocomplete
bicategories W and U. Each category C: W— U determines a lax functor
F = C°- : Moden(V, W) — Moden(V, U) (7.32)
given on objects by FA = C° A, and on hom-categories by fixing the first variable of
(7.27) at the identity module of C furthermore, the arrows F. g are invertible (so that F
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is what we call normal) and the arrows Fy. \yy: (C°H)O(C°M) — C°(H O M) are
induced by instances of (7.31). For a functor S: A —— B: V—— W, there are canonical

module isomorphisms

(C°S);0C°Sy and (C°S)P 0O cesH.

7.6 In lectures in the early 1970s, Bénabou pointed out that the construction by
Grothendieck of a fibration £ — C from a pseudofunctor F : C%P — Cat can be
generalized to the construction of an arbitrary functor £ — C from a normal lax
functor F: C°P — Mod ; both processes are invertible up to isomorphism. More
generally, suppose we have bicategories ¥ and W with W locally cocomplete.
Consider a normal lax functor F : 7P — 9/-Mod. Recall from [St2] (although a
duality is introduced here because of our conventions on order of composition) that
there is a canonical pseudofunctor I : WP — W-Mod taking W OW to the W-
category I(W) whose only object is W and whose hom I(W)(W,W) is the identity
arrow of W ; on hom-categories I is the obvious isomorphism

MWW, W) O (W-Mod)(I(W), I(W"));
so actually I is alocal equivalence. By Proposition 2.7, I : WP — 9/-Mod has a right
adjoint J: W-Mod — WP in CATEN. Thus we obtain a category 7° F: 9//°P — 9/°P
which, using the duality principle of Section 2.9, gives a category 4: V—— W.

This process can be inverted up to isomorphism as follows. Take any category 4: V
—— . By Proposition 7.5 we obtain a normal lax functor 4 ° - : 9*Mod — W-Mod
which composes with the pseudofunctor I : 7°P — 9:Mod to give a normal lax
functor F: 7% — 7-Mod. (In this presentation of the inverse construction, the
apparent need for 7 to be locally cocomplete, in order to speak of 7 Mod, is not real.)

If under this correspondence the categories 4 : ¥V — W and C: W — U
correspond to the normal lax functors F: 9P — %-Mod and G: WP — U-Mod,
then the composite C° 4 : V—— U corresponds to the composite of F and G after we
make the identifications (7-Mod)°P = W°P-Mod and (W-Mod)-Mod = WW-Mod (see
[St2]).

Now suppose that W is a small bicategory and ¥ is any bicategory. Each lax
normal functor F: 7P — P*J.Mod corresponds to a category A*: ¥V — P*W and

hence, using Proposition 6.5, to a procategory 4 : ¥V — W. Taking the viewpoint of

Section 6.12 on procategories, we obtain a span (6.35) of bicategories. The Bénabou case is

obtained by taking 7 tobe 1 and ¥ to be locally discrete.
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