MATH236 — Week 7
Parametrized surfaces

Chen notes chapter 10

I 10.1 Introduction to parametrized surfaces

Recall that a path is essentially a parametrization of a curve. In a similar way, a surface can be parametrized. Whereas a curve can be parame-
trized by the use of a single real parameter, a surface can be parametrized by the use of two real parameters.

We shall be concerned only with surfaces in R?. Before we give any formal definition, let us consider two examples.

Example 10.1.1 — graph of a function

Consider a function f:[A, B]x[C, D] - R. Then the graph {(x,y,z) €R3>:(x,y)€[A, B]x[C, D] and z= f(x, y)} is a surface in R3.
Each point (x, y, z) on this surface is determined precisely by the values of the variables x and y.

Example 10.1.2 — unit sphere

Consider the unit sphere x> +y? + z*> = 1 in R?, with radius 1 and centre (0, 0, 0). Using spherical coordinates, we can write
x=sing cosf, y=sing sinf, z = cos ¢,

where ¢ € [0, 7] and 6 € [0, 2 n]. Each point (x, y, z) on the sphere is determined precisely by the values of the variables ¢ and 6.

visualisation

Definition: parametrized surface

By a parametrized surface in R> we mean a continuous function of the type ®: R — R3 where R € R? is a domain.

The range ®(R) = {®(u, v): (u, v) € R} CR> of the function ® is called a surface.

Remarks

& | Forevery (u, v) e R, we can write ®(u, v) = (x(u, v), y(u, v), z(u, v)), with components x(u, v), y(u, v), z(u, v) € R.

& | We can think of the function ® as twisting and bending the region R to give a surface S = ®(R). The position of a point (x(u, v), y(u, v), z(u, v)) on S is
determined by the values of the parameters u and v.

& | Often, we refer to the parametrized surface ®(u , v) without specifying the domain of definition of the function ®. This is a convenient abuse of rigour.
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Definition: differentiable parametrised surface

We say that a parametrized surface ®: R — R3 is continuously differentiable if the function ® is differentiable and the partial derivatives

are continuous.
Suppose that a parametrized surface ®: R — R? is differentiable at a point (1 , vo) € R. Keeping the first parameter u fixed at ugy, we con-
sider the function v = ®(uy , v) in a neighbourhood of vy. The image of this function is a curve on the surface S = ®(R), and a tangent vector

to this curve at the point ®(u, , vo) is given by

0. Jy 0.
4 (ug , vo) = (% (o , vo) , % (uo , vo) % (uo Vo))-
On the other hand, keeping the second parameter v fixed at vy, we consider the function u = ®(u, vy) in a neighbourhood of u,. The image
of this function is a curve on the surface S = ®(R), and a tangent vector to this curve at the point ®(ig , vp) is given by

0. % 0
tu(ug , vo) = (5% (g . vo) . 5o (ttg - v0) . 5= (g - V).

It follows that #,(uo , vo) and £,(uo , vo) are two vectors tangent to the surface S = ®(R), at the point ®(u , v). Unless they are parallel or oppo-
site, these two vectors determine the tangent plane to the surface S = ®(R), at the point ®(ug , vo).

In this case, the vector ¢,(ug , vo) X £, (ug , Vo) is a vector normal to the surface S = ®(R), at the point (i , vo).

Definition: smooth parametrised surface

We say that a parametrized surface ®: R — R3 is smooth at a point ®(ug , vo) if #,(ug , vo) X ,(ug , vo) # 0. We say that a parametrized sur-
face @ : R — R3 is smooth if it is smooth at every point ®(ug , vy) where (i , vo) € R; in other words, if £, X ¢, # 0 in R.

Example 10.1.3 — cone

For the parametrized cone ®: [0, 1]x[0, 2] - R3 whereby (1, v) - (ucosv, usinv, u), we have that
ox Oy &) = (—usinv, ucosv,0).

—(9x Oy 9z _ ; —(9x 9y
t“_(éu’ u’ 6u)—(cosv,smv,l) and tV—(év’ v’ v
Hence ¢,xt, =(cosv,sinv, 1)X(-usinv,ucosv,0) =(—ucosv, —usinv, u). It follows that the parametrized cone is smooth every-

where except at (0, 0, 0).

visualisation
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Example 10.1.4 — different parametrizations of the sphere

For the parametrized sphere ®: [0, 7] X [0, 2 7] = R3 whereby (u, v) - (sinu cosv, sinu sinv, cos u), we have that

_(Ox Oy oz _ ; g _(0x Oy ozy\_ . ; ;
t”_(ﬁu’ e au)—(cosu cosv, cosu sinv, —sinu) and tv_(av’ 50 ﬁv)_( sinu sinv, sinu cosv, 0).

Hence f,xt, = (cosu cosv, cosu sinv, —sinu) X (—=sinu sinv, sinu cosv, 0) = (sin® u cos v, sin® u sinv, cos u sin u).
It follows that the parametrized sphere is smooth everywhere except at (0, 0, +1).

A similar argument shows that the parametrized sphere ¥: [0, 7] X [0, 2 7] - R? whereby (1, v) > (cos u, sinu cosv, sinu sinv) is smooth
everywhere except at (1,0, 0).

Note that both ® and ¥ are parametrizations of the same unit sphere x> +y* + 7> = 1.

visualisation

Example 10.1.5 — different parametrisations of the square

For the parametrized surface ®:[—1, 1]x[-1, 1] - R? whereby (u, v) = (u, v, 0), we have that

fo= (2, 2 02y _(1,0,0) and 1, = (2, L& %y_(0,1,0) sothat £,xt,= (0,0, 1).

ou’ Ou’ Ou v v v
It follows that the parametrized square is smooth everywhere. Note that the surface @ is the square with vertices at (=1, =1, 0).

For the parametrized surface ¥:[—1, 1]x[-1, 1] - R?® whereby (u, v) = (43, v, 0), we have that

dy [2)
fo= (2, 2 £)=(3u2,0,0)and £, = (£, 2 %)= (0,347,0) sothat £, x5, =(0,0,96>1).

It follows that this parametrized square is smooth everywhere except at points ¥(u, v) where u =0 or v = 0. Note that the surface ¥ is also
the square with vertices at (+1, +1, 0).

visualisation
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Remarks

* Examples 10.1.4 and 10.1.5 show that smoothness depends on the parametrization and not just the surface. Indeed, we say that a surface S is smooth if
there exists a parametrization ®: R — R? which is smooth and such that ®(R) = S.

* Suppose that a parametrized surface ® : R — R3 is smooth at a point (xo , yo » Z0) = ®(uo , vo). Then n = t, x t, , evaluated at (i , vo), is a normal vector to
the surface S = ®(R) at (xg , Yo », 20)- It follows that the equation of the tangent plane to S at (xo , yo , zo) is given by (x —xp, Yy — Yo, 2—29)-n = 0, where
n is evaluated at (¢ , vp).

Example 10.1.6 — smooth graph

Suppose that f:[A, B]x[C, D] - R is a differentiable function. Then its graph {(x,y,z) € R3:(x,y)e[A, B]x[C, D] and z = f(x, y)}
is the range of the function ®: [A, B] x [C, D] —» R? whereby (u, v) = (u, v, f(u, v)). We have

fo= (2, 2 ) (1,0, Ly and 1= (L, 2, L)< (0,1, &) sothat 1,xt, = (-2L, -2 1) 0.

It follows that the surface is smooth.

Example 10.1.7 — hyperboloid of 1 sheet

The hyperboloid of one sheet is given by the equation x> + y?> —z> = 1. We can write x = 7cosu and y = rsinu, so that 72 —z%> = 1. We can
then write r = coshv and z = sinh v. Hence we have the parametrization:  x =cosu coshv, y=sinu coshv, z=sinhv.

Consider now the function ®(u, v) = (cosu coshv, sinu coshv, sinhv). We have ¢, = (%, %, %) = (—sinu coshv, cosu coshv, 0)
and ¢, = (%, %, %) = (cosu sinhv, sinu sinh v, coshv) so that ¢, x#, = (cosu cosh® v, sinu cosh? v, —sinhvcoshv) 0. It follows
that this surface is smooth.

visualisation
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I 10.2 Surface Area

For the remainder of these notes, we restrict our attention to piecewise smooth surfaces. These are finite unions of the ranges of parametrized
surfaces of the type ®; : R; - R?, where R; is an elementary region® in R?, ®; is continuously differentiable and one-to-one, except possibly on
the boundary of R;, and S; = ®(R;) is smooth, except possibly at a finite number of points.

*For a discussion of elementary regions in R?, students are referred to Section 5.4 (studied in MATH235).

Definition: surface area

Suppose that ®: R — R is a continuously differentiable parametrized surface. Then the quantity A = f fR [1t, %t ||dudyv is called the
surface area of the parametrized surface ®.
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Remarks

_(ox Oy 0z ox 0y dz\ _ (O 9z _ 9z Oy 9z 9x _ Oox 9z Ox Oy _ Oy ox\ _ (002 dzx) Ixy)
# | Notethat ¢,x¢ = ( ou’ Ou’ Ou )X( v’ v’ Bv) - ( (914[ ov ou Ov ° Ou Odv ou dv ° Ou Ov ou 8\/) (6(u,v) > Ou,y) ’ O(u,v) )’
1

_ a(y,2) 2 0z.X) |o I(x.,y) 2 z d(x.,y) 2} 0(x.2) a(y.2) 2\?
so that || ¢, xt, || —(‘ ) () ‘ +‘ A(u,v) ) (‘ o(u,v) A(u,v) A(u,v) ) ’

N Ay | L | 96D | L | 00D p)\?
Hence ﬂ—fjl;(‘ a0Ly) + ETR) ‘ + Biay) ‘ ) dudv.

[ +]

& To justify the definition, consider a small rectangle in R with bottom left vertex (u, v) and top right vertex (u+Au, v+ Av).

The image under ® of this rectangle can be approximated by a parallelogram in R?, with area fAut,xAvt, || = ||t,xt, || Aulv.

Example 10.2.1 — cone

For the parametrized cone @ : [0, 1]x [0, 2 7] - R® whereby (1, v) = (ucosv, usinv, u), we have £, x¢t, = (—ucosv, —usinv, u), so that

L
12, ¢ || = (@2 cos? v+ u? sin? v+ u2)? = V2 u.

1
. A(x.y) Axz .z z . 7
Alternatively, we have ||t, x¢, || = ( | azu,z) |2 + | agzg |2 + B(Z,v)) |2 )" = @?+u?sin* v+ cos’ v)T =V2u.

Hence the surface area is given by:

y(:f:"[folx/im”)m:ﬁn.

visualisation

Example 10.2.2 — sphere

For the parametrized sphere ®:[0, 7] x [0, 2] - R® whereby (u, v) = (sinu cos v, sinu sinv, cos u), we have

1
t, Xt, = (sin2 u cosv, sin’ u sinv, cosu sin u), sothat ||z, x¢t, || = (sin4 u + cos? u sin’ u)® = |sinu].
1
. a(x,y a(x, a(y, 7 . . . . ) .
Alternatively, we have ||z, x¢, || = (| 681{; |2 + 68 i; |2 + 38 2 |2) = (sin” u cos? u + sin* u sin® v + sin* u cos? v)? = |sinu].

Hence the surface area is given by:

2r T 2r T
ﬂ:f (f Isinuldu)dvzf 2 f sinudu)dv:4rr.
0 0 0 0
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For the helicoid ®: [0, 1]x[0, 2 7] - R3 whereby (u, v) = (ucos v, usinv, v), we have
1
t, =(cosv,sinv,0) and #, = (—usinv, ucosv, 1) sothat ¢, x¢, = (sinv, —cosv, u) sothat ||, x¢, || =1 +u?)?.

3 1 1
Alternatively, we have ||¢, X¢, || = (| ggz; |2 + ggg |2 + | ggi)) |2 )2 =W?+cos?v+sin®v)? =(1+u?)?.

Hence the surface area is given by:

27 1 1
A= (f (1 +u?)? du)dv =2nx%(\/§+sinh’1(l)) =n(V2 +log(1+V2)) ~7.2118.
0 0
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photos of helicoids

Suppose that f : R — R is a continuously differentiable function, where R C R? is an elementary region. Then its graph

{(x,y,20€R?*:(x,y) €R and z= f(x,y)} isthe range of the function ®:R — R> whereby (u, ) (u, v, f(u,v)) and
t,Xt, = (— % , = %, 1). Hence the surface area of the graph is

ﬂ:ff (%)2+(%)2+1dudv.
R
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